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Abstract. This paper investigates the theory behind the steady state analysis of large, sparse Markov chains (MCs)
with a recently proposed class of multilevel (ML) methods using concepts from algebraic multigrid and iterative aggregation-
disaggregation. The motivation is to better understand the convergence characteristics of the class of ML methods and to
have a clearer formulation that will aid their implementation. In doing this, restriction (or aggregation) and prolongation
(or disaggregation) operators of multigrid are used, and the Kronecker based approach for hierarchical Markovian models
(HMMs) is employed, since it suggests a natural and compact definition of grids (or levels). However, the HMM formalism
used to describe the class of ML methods for large, sparse MCs has no influence on the theoretical results derived.
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1. Introduction. Markov chains (MCs) are a popular mathematical tool to describe real systems
from various application areas like engineering, computer science or economics. For system analysis often
one needs the steady state distribution of the MC to compute result measures for the modeled system.
The problem in the continuous-time case is then to solve

(1.1) Q) =0 subject to me =1,

where @ is the infinitesimal generator or generator matrix (i.e., continuous-time Markov chain, CTMC) of
order n underlying the modeled system, m > 0 is its (row) stationary probability vector, and e is the column
vector of ones of appropriate length. We assume that the n states of @) are numbered starting from 0 and @
is irreducible, implying 7= > 0 and 7 is also the steady state vector. The nonnegative off-diagonal elements
of ) represent exponential transition rates between different states and its diagonal elements are negated
row sums of its off-diagonal elements. Hence, @) has row sums of zero (i.e., Qe = 0), is a singular matrix
of rank (n — 1), and (1.1) represents a homogeneous linear system subject to a normalization condition,
so that its solution vector 7 can be uniquely determined [25, Ch. 1]. At this level, states of the CTMC
are numbered by consecutive integers. However, in almost all applications CTMCs result from some high
level model like a stochastic automata network (SAN), a queueing network (QN) or a stochastic Petri net
(SPN). In all these cases, the state space is multidimensional and is mapped for solution onto a set of
consecutive integers. The multidimensional structure can be exploited in a compact representation of )
and can also be exploited to develop fast solvers for the computation of 7.

Practical problems arise due to the state space size of MCs resulting from applications which often grows
exponentially with the number of components in the specification. A popular way of dealing with this so
called “state space explosion problem” is to employ Kronecker (or tensor) based representations of ) which
remain compact even for considerably large state spaces. In the Kronecker based approach, the system of
interest is modeled so that it is formed of smaller interacting components, and its larger underlying MC
is neither generated nor stored but rather represented using Kronecker products of the smaller component
matrices. This introduces significant storage savings at the expense of some overhead in the solution
phase. In order to analyze large, structured Markovian models efficiently, various algorithms for vector-
Kronecker product multiplication are devised [15, 16, 13] and used as kernels in iterative solution methods.
The most effective solvers known for Kronecker representations of dimension four or larger are multilevel
(ML) methods [11] and block successive over-relaxation (BSOR) preconditioned projection methods [12]
as recently shown empirically by comparing different solvers on a large number of HMMs. Unfortunately,
solvers using BSOR [10, 26] are sensitive to the ordering of components, the block partitionings chosen,
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and the amount of fill-in in the factorized diagonal blocks so that a robust implementation for arbitrary
models is difficult to achieve.

In this paper, we investigate the theory behind the steady state analysis of large, sparse MCs with
the class of ML methods proposed in [11] using concepts from algebraic multigrid (AMG) [6, Ch. §]
and iterative aggregation-disaggregation (IAD) [25, Ch. 6]. Our motivation is to better understand the
convergence characteristics of the class of ML methods and to have a clearer formulation that will aid
their implementation. Convergence analysis of a two-level IAD method for MCs and its equivalence to
AMG is provided in [19]. Another paper that investigates the convergence of a two-level IAD method
for MCs using concepts from multigrid is [20]. Here we consider more than two levels, different types of
smoothers, different types of cycles, and different orders of aggregation. In doing this, we use restriction
(or aggregation) and prolongation (or disaggregation) operators of multigrid, and employ the Kronecker
based approach for HMMs in [11]. This is due to three reasons. First, the hierarchy present in the HMM
description suggests a natural definition of grids (or levels). This simplifies the description of the class of
ML methods. Second, with the HMM description, one can store the aggregated MC at each level during
implementation compactly in Kronecker form. It is not clear how the same effect can be achieved with a
MC in sparse format (see [18]). Third, Kronecker operations to define large MCs underlying structured
representations are natural for many application areas since complex systems are usually composed of
interacting components. Almost all MCs resulting from applications can be represented as HMMs and this
representation can be derived from the specification using an appropriate modeling tool [1]. Otherwise,
the HMM formalism used in this paper to describe the class of ML methods for large, sparse MCs has no
influence on the theoretical results derived.

The next section introduces the Kronecker based description of CTMCs underlying HMMs on a simple
test case. The third section presents the proposed class of ML methods for HMMs with multiple macrostates
and discusses how they work. The fourth section provides the convergence analysis. The fifth section
illustrates one step of the ML method on the simple test case and the sixth section concludes the paper.

In what follows, calligraphic uppercase letters denote sets and lists, uppercase letters denote matrices,
sets are defined using curly brackets, lists are defined using square brackets, matrices (and vectors) are
defined using brackets, | - | denotes the cardinality of a set (list) when its argument is a set (list), () denotes
the empty set, || - || denotes the norm of a vector, - denotes the transpose operator, and diag(-) represents
a diagonal matrix having its vector argument along its diagonal.

2. Hierarchical Markovian Models. Hierarchical Markovian models (HMMs) are defined using
the operations of Kronecker product and Kronecker sum [27]. First we introduce these operations.

DEFINITION 2.1. The Kronecker product of two matrices X € IR"™ X and Y € R"™ XY is written as
X @Y and yields the matric Z € R™" XXY whose elements satisfy ziry+iy jxey+iv = Tix.jx Yiv jy -
The Kronecker sum of two square matrices U € R™V*™ and V € RV "™ is written as U ® V and yields
the matriz S € RV X"V which is defined in terms of two Kronecker products as S = U @I, +1,, QV.
Here I, and I, denote identity matrices of orders ry and rv, respectively. Both Kronecker product and
Kronecker sum are associative and defined for more than two matrices.

HMMs consist of multiple low level models (LLMs) which can be perceived as components, and a high
level model (HLM) that defines how LLMs interact. The HLM is characterized by a single matrix, whereas
each LLM is characterized by multiple matrices that define its interaction with other LLMs. The order
of each LLM matrix is equal to the number of states of the particular component to which the matrix
belongs. A formal definition of HMMs can be found in [8, pp. 387-390]. Here we extend the definition
from [12] and introduce HMMSs on a running example. We refer to the CTMC underlying an HMM as the
matrix Q. We name the states of the HLM as macrostates, those of () as microstates, and remark that
macrostates define a partition of the microstates.

DEFINITION 2.2. In a given HMM, let K be the number of LLMs, S® = {0,1,...,|S®)| — 1} be
the state space of LLM k for k = 1,2..., K, SE*D = {0,1,...,|SE+)| — 1} be the state space of the
HLM, SJ(»k) be the partition of states of LLM k mapped to macrostate j € SE+) 5o that UjSJ(.k) = 8"
and Si(k) N SJ(»k) = (0 when i # j, ty be a local transition (one per LLM), T; ; be the set of LLM non-local

transitions in element (i,7) of the HLM matriz, and D; be the diagonal correction matriz that sums the
rows of Q corresponding to macrostate j to zero. Then the diagonal block (j,j) of Q corresponding to
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element (4,7) of the HLM matriz is given by

K
(2.1) EBQ(k) s8N+ 3 Qo s, s+

te€T;,5 k=1

and, when there are multiple macrostates, the off-diagonal block (i, j) of @ corresponding to element (i, j)
of the HLM matriz is given by

(2:2) = ®Q<k> 50 50,

te€Ti,; k=1

where ng) (Si(k)7 S;k)) is a submatriz of order (|Si(k)| X |SJ(-k)|) including all transitions' between states from

Si(k) and S;k) for LLM k under t..

We remark that D; can be expressed as a sum of Kronecker products:

ProposITION 2.3. If D; is the diagonal correction matriz that sums the rows of Q corresponding to
macrostate j to zero, then

@dlag k) S(k) S(k) Z Z ®dlag Q(k) S(k) S(k)) ) forj e SEFY,

ieSUHD t.eT;,; k=1

In order to enable the efficient implementation of numerical solvers, most of the time D; is precomputed
and stored explicitly as a vector. However, the off-diagonal part of @ is never stored explicitly, but
represented in core through Definition 2.2 as sums of Kronecker products of small matrices, which are
generally very sparse and therefore held in row sparse format [25, pp. 80-81].

For a definition of mapping used in the next proposition, see, for instance, [23, pp. 192-197].

PROPOSITION 2.4. When the multidimensional states of Q are identified by the tuple (s, s, ...,
s 5), where s*) € S®) s the state of LLM k for k = 1,2,..., K and j € S5+ is the corresponding
macrostate, the Kronecker product operation orders the state space of Q lexicographically, where each state
is linearized through the one-to-one, onto mapping

K K j—1 K
. l k
(s, 5@, s gy 30 ] |5§>|+§:H|5§>|e{o,1,...,n—1}.
k=1 I=k+1 1=0 k=1
where n = SIS T |51

The mlcrostates corresponding to each macrostate result from the Cartesian (or cross) product [23, pp.
123-124] of the state space partitions of LLMs that are mapped to that particular macrostate. In contrast
to other representations of CTMCs using Kronecker operators (e.g., [25, Ch. 9]), HMMs are generated
in a way that only reachable states are considered [7, 8]. Note that each macrostate in an HLM may
have a different number of microstates if LLMs have partitioned state spaces. When there are multiple
macrostates, @) is effectively a block matrix having as many blocks in each dimension as |S (K “)\. The
diagonal and off-diagonal blocks of this partitioning are respectively the @; ; and @); ; matrices defined by
(2.1) and (2.2). Due to the Kronecker structure suggested by Definitions 2.1 and 2.2, each of the blocks
defined by the HLM matrix is also formed of blocks, and hence HMMs have nested block partitionings
[10, 26].

Now, let us consider HMM test which gives rise to a (5 x 5) CTMC. The example is chosen deliberately
to be very small since later we will be stepping through the ML method on this example.

Ezample 1. The HLM of 2 states describes the interaction among two LLMs (i.e., K = 2) each of
which has 3 states. All states are numbered starting from 0. The mapping between LLM states and HLM
states and the number of microstates are given in Table 2.1. In this example, @ has the following states in

n this section, the concept of transition is used to refer to those that take place at the HMM level, except for this case
where it is used to refer to nonzeros in a matrix at the state level.
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TABLE 2.1
Mapping between LLM states and HLM states in test.

LLM1 LLM 2 HLM | # of microstates
{0,1} {0,1} {0} 2. 2 = 4
{2} {2} {1} 11. 1 = 1

its rows and columns: {0,1} x{0,1}x {0} U {2} x {2} x{1} = {(0,0,0),(0,1,0), (1,0,0), (1,1,0),(2,2,1)}.
One can think of these five states written in the given order as corresponding to the integers 0 through 4.

The values of the nonzeros in ) are determined by the rates of the transitions and their associated
matrices. In Example 1, two transitions denoted by ¢y and t; take place and affect the LLMs. Transition
to covers all local transitions inside the LLMs, whereas transition ¢; is captured by the following (2 x 2)
HLM matrix:

0 1

(2.3) ; (#) .

To each transition in the HLM matrix corresponds a Kronecker product of two (i.e., number of LLMs,
K) LLM matrices. The matrices associated with those LLMs that do not participate in a transition are
identity. LLM 1 participates in ¢; with the matrix Q,Ell) and LLM 2 participates in ¢; with the matrix Qg).
In this example, the transition t; affects exactly two LLMs.

Other than Kronecker products due to the transitions in (2.3), there is a Kronecker sum implicitly
associated with each diagonal element of the HLM matrix. Each Kronecker sum is formed of two (i.e., K)
LLM matrices corresponding to local transition tg. In the HLM matrix of test in (2.3), there does not exist
any non-local transition along the diagonal. In general, this need not be so, as can be seen from Definition
2.2.

In our example, the second term in (2.1) is missing, and the matrices associated with tg and t; are
given by

0 110 0 02 0 11]0 0 01
ol ={1 0o ). @ =(0o0]1).?={10]0] . @?=(0o0]0
0 0]0 1 0/0 0 010 1 00
Then the CTMC underlying HMM test can be obtained from

Q1 ({0,1},{0,1) @ Q12 ({0,1}1,{0,1}) | Q1 ({0.1}, {2)) ® Q17 ({0,1},{2})
Q{21 0,1) ®QP (21 {01} | @2} 2) @ ({2} {2})

where D is the diagonal correction matrix that sums the rows of @) to zero; hence,

+D,

(24) Q=

-4 1 1 0] 2
1 -2 0 1| 0
(2.5) Q= 1 0 -3 1| 1
0 1 1 -2 0
1 0 0 0f-1

The steady state vector of ) in four decimal digits of precision is
= ( 0.1750 0.1500 0.1000 0.1250 ‘ 0.4500 )

If we neglect the diagonal of ) which is handled separately, from Definition 2.2 it follows that each
nonzero element of the HLM matrix is essentially a sum of Kronecker products, since Kronecker sums can
be expressed as sums of Kronecker products. This has a very nice implication on the choice of grids in
the proposed ML method when LLM aggregation is used in forming the coarser grids. LLMs 1 through K
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and the HLM define the least coarsest (in other words, the finest) grid. This grid is @ and in our example
has five states. Regarding the intermediate grids, let us assume that LLMs are aggregated starting from 1
up to K. Thus LLMs 2 through K and the HLM define the first coarser grid when LLM 1 is aggregated.
In our example, this grid has the states in {(0,0),(1,0),(2,1)}, where the first state in each tuple is an
LLM 2 state and the second state in each tuple is the corresponding HLM state. The HLM and LLMs 3
through K define the second coarser grid when LLMs 1 and 2 are aggregated. In our example, this grid is
the coarsest grid corresponding to the HLM and has the states {(0), (1)}. There are no other LLMs left to
be aggregated in our example; otherwise aggregation continues with the next LLM.

Now, let us concentrate on the sizes of the grids defined by the LLMs and the HLM for the assumed
order in which LLMs are aggregated. In Example 1, the grids defined in this way by LLMs 1-2 and the
HLM, LLM 2 and the HLM, the HLM have respectively the sizes (5 x 5), (3 x3), (2 x2) (see Table 2.1 and
(2.1)-(2.2)). Clearly, we are not limited to aggregating LLMs in the order 1 through K, and can consider
other orderings. The number of possible orderings of LLMs equals K'!

In the next section, we introduce the class of ML methods with the grid choices suggested by the
Kronecker structure of HMMs and remark that, just like ), none of the grids except the coarsest is
explicitly generated.

3. A class of ML methods. The class of ML methods presented in this section for HMMs with
multiple macrostates have the capability of using (V, W, F) cycles [28], (power, Jacobi over-relaxation—
JOR, successive over-relaxation—SOR) methods as smoothers, and (fixed, cyclic, dynamic) orders in which
LLMs can be aggregated in a cycle. These parameters are respectively denoted by C, S, and O. We
remark that C € {V,W,F}, S € {POWER,JOR,SOR}, and O € {FIXED,CYCLIC,DYNAMIC}.
In a particular ML solver, C, S, and O are fixed at the beginning.

Algorithm 1 is the driver of the ML solver. It starts executing at the finest grid involving the LLMs
and the HLM, and then invokes the recursive ML function in Algorithm 2 with the order of aggregation
in the list C. Each pass through the body of the repeat-until loop in Algorithm 1 corresponds to one cycle
of the ML method. Observe that steps 3 through 8 in Algorithm 2 are almost identical to the statements
between steps 3 and 4 in Algorithm 1.

The variable v in the two algorithms determines the number of recursive calls to the ML function. It
is initialized to 2 for a W- or an F-cycle and to 1 for a V-cycle before ML starts executing for the first
time. After this point, there are two places where the value of 7 changes, and these happen only for an
F-cycle. Hence, for a V-cycle v remains 1, and for a W-cycle it remains 2, meaning for V- and W-cycles
1 and 2 recursive calls are made to the ML function on the next coarser grid, respectively. On the other
hand, for an F-cycle « is set to 1 at the boundary case of the recursion (see step 2 in Algorithm 2). Hence,
an F-cycle can be seen as a recursive call to a W-cycle followed by a recursive call to a V-cycle. After
the F-cycle is over, v is reset to 2 in step 4 of Algorithm 1 so as to be ready for a new ML cycle [28, pp.
174-175].

Each ML cycle starts and ends with some number of iterations using the smoother S. See respectively
the two statements after step 3 and and before step 4 in Algorithm 1. The same is true for each execution
of the recursive ML function at intermediate grids as can be seen in steps 3 and 8 of Algorithm 2. The first
two arguments of the call to S in both algorithms represent respectively the grid to be used in the smooth-
ing process and the vector to be smoothed. The user is given the flexibility to specify different numbers of
pre- and post-smoothings in the two algorithms. Hence, we have the nonnegative integer pairs of parame-
ters (MIN_OUT_PRE,MAX _ OUT_PRE), (MIN_OUT_POST, MAX_OUT_POST) for the finest grid
handled by Algorithm 1, and (MIN_IN_PRE,MAX _IN_PRE), (MIN_IN_POST, MAX_IN_POST)
for the coarser grids handled by Algorithm 2.

For each pair of parameters (MIN _x, MAX x), S performs MAX x smoothings when MIN x >
MAX x. When MIN x < MAX *, S performs an adaptive number of smoothings using the two pa-
rameters p and RES_COUNT as follows. Upon entry to S, the residual norm of the current solution
vector is computed and recorded. Then MIN _x smoothings are performed and the residual norm of the
solution vector is recomputed. If the ratio of the two residual norms is less than p, then S stops execut-
ing; otherwise, smoothings continue till M AX  iterations or the ratio of residual norms of two solution
vectors RES_COUNT iterations apart are less than p. Note that the computation of the residual vector
requires an extra implicit vector-grid multiply when S = SOR. However, this is performed only every
RES_COUNT smoothings once S is beyond M IN _x smoothings. The parameter w in the call to S is the
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relaxation parameter for JOR and SOR.

ALGORITHM 1. ML Driver.
main()
D=1[1,2,....,. K +1]; Qp = Q; zp = initial approximation; it = 0; cyc = 0; stop = FALSE;
it (C==W or C == F) then
v =2
else
=1
repeat
zp = S(Qp,xp,w, MIN_ OUT_PRE, MAX OUT_PRE, p, RES_COUNT, 1);
C =D — [head(D)]; /
Qc = P$;DQDRD§ zc = xpRp;
if (y == 1) then
ye = ML(Qc, v¢,C,7);
else ~
ye = ML(Qc, z¢,C,7);
ye = ML(Qc, e, C,7);
Yyp = ych;D;
y = S(Qp,yp,w, MIN_OUT_POST, MAX_OUT_POST, p, RES_.COUNT, 1)
if (C == F) then
Y =2
Tp :y;); it =it + v + vo; cyc = cyc + 1;
normalize(xp); r = —2pQp;
if (it > MAX_IT or time > MAX _TIME or ||r| < STOP_TOL) then
stop =TRUFE,
else if (O == DY NAMIC') then
sort LLM indices D1, D3, ..., Dk into increasing order of |||,
where 7, is the residual associated with LLM k and is computed from r;
else if (O == CYCLIC) then
circular_shift(Dq, Ds, . .., Dk);
until(stop);
take zp as the steady state vector m of the HMM;

ALGORITHM 2. Recursive ML Function on LLMs in D.
function ML(Qp, zp, D, )
if (|D] == 1) then
le = solve(Qp, zp) subject to y'De =1
it (C == F) then
=1
else
@y = S(Qp,rp,w, MIN_IN_PRE,MAX IN_PRE, p, RES_COUNT, v:);
C =D — [head(D)];
Qc =P, QpRp; zc = wpRp;
if (y == 1) then
ye = ML(Qc, zc,C,7);
else R
Yec = ML(QCa Le, C, 7)7
ye = ML(Qc, e, C,7);
yp =ycb, ;
yp = S(Qp,yp,w, MIN_IN_POST, MAX _IN_POST, p, RES_COUNT, v5);
return(yp );

(step 1)
(step 2)

(step 3)

(step 4)
(step 5)
(step 6)
(step 7)

(step 8)
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The ML solver starts with xp which is usually set to the uniform distribution and r as the corresponding
residual vector. We remark that the smoothers of choice require two vectors of length n and two vectors
(three in SOR) as long as the maximum number of microstates per macrostate in the HMM. One of
the vectors of length n in SOR is required for the computation of residuals in the implementation of
DY NAMIC ordering of LLMs for aggregation. Furthermore, if one turns off the call(s) in Algorithm 1 to
Algorithm 2, Algorithm 1 reduces to an iterative solver in which (v; + 1») iterations are performed on Q
with the iterative method S at each cycle. This is a useful feature for debugging.

The order of aggregating LLMs in each ML cycle is determined by the list D defined in Algorithm 1.
The elements of D from its head to its tail are denoted respectively by D1, Da, ..., Dk11. The subscripts
of these elements indicate their positions in D. In each ML cycle, the HLM is always the last model to
be handled due to its special position in the hierarchy. Hence, Dy 1 is given the value (K + 1) and is
associated with the HLM; the tail of D always has this value. Initially, LLM £ is associated with element
Dy, which has the value k for k = 1,2,..., K (see step 1 of Algorithm 1). In each ML cycle, LLMs are
aggregated according to these values starting from the element at the head of the list (see the second
statement in the repeat-until loop of Algorithm 1). Hence, LLM Dj is the first LLM to be aggregated.

In the FIXED order of aggregating LLMs, the initial assignment of values to the elements of D does
not change after the ML method starts executing; this is the default order. In the CYCLIC order, at
the end of each ML cycle a circular shift of elements D; through Dy in the list is performed; this ensures
some kind of fairness in aggregating LLMs in the next ML cycle. On the other hand, the DY NAMIC
order sorts the elements D; through Dk according to the residual norms mapped (or restricted) to the
corresponding LLM at the end of the ML cycle, and aggregates the LLMs in this sorted order in the next
ML cycle (see step 8 of Algorithm 1). This ensures that LLMs which have smaller residual norms are
aggregated earlier at finer grids. We expect small residual norms to be indicative of good approximations
in those LLMs. Note that at each intermediate grid, the recursive ML function is invoked for the next
coarser grid with the list of LLMs in C, which is formed by removing the LLM at the head of the incoming
list D (i.e., head(D)) by aggregation (see step 4 in Algorithm 2). Once the list of LLMs is exhausted,
that is (K + 1) is the only value remaining in list D, backtracking from recursion starts by solving a linear
system as large as the HLM matrix (see step 1 in Algorithm 2).

Before we discuss the operation that computes the next coarser grid Qc from the grid QD using the
smoothed vector x/D (see step 5 in Algorithm 2), let us define the state spaces of the grids used in the ML
method for large, sparse MCs in terms of a mapping [23, pp. 192-197].

DEFINITION 3.1. Let Sp and S¢ respectively denote the state spaces of QD and Qc. Then the mapping
fp : Sp — Sc represents the transformation of states in Sp to states in Sc; it is surjective (i.e., onto),
it satisfies

dsp € Sp, fp(sp) =sc for each sc € S,

and |Se| < |Sp|. When |Sc| = |Spl, the mapping becomes bijective (i.e., one-to-one onto).

From Definition 3.1 and [23, pp. 179], we have the next proposition.

PROPOSITION 3.2. If fp denotes the converse of fp, then fp is a relation from Sc to Sp, and will
not be a mapping unless |Sc| = |Sp| (i.e., fp is bijective).

Proposition 3.2 says that, if there is at least one state in S¢ to which multiple states from Sp are
mapped under fp (i.e., |S¢| < |Sp|), then the converse of fp cannot be a function; it is just a relation.

For HMMs, the Kronecker structure (see Definition 2.2 and Proposition 2.4) and the order of component
aggregation determine Sp and S¢ as in the next proposition.

PrOPOSITION 3.3. In Algorithms 1 and 2, the components in D and C respectively define Sp and S¢
for HMMs, and

|D Dy, ¢ (Ck)
Sp = Ujes(K+1) Xk:‘l S]( ) and S¢ = Ujes(K-H) Xl’czll Sj ,
where X is the Cartesian product operator. Furthermore,
|sHFD -1 |D] [sEHDI—1 ||

|Sp| = Z H‘SJ(D;C)| and |Se| = Z H|SJ('Ck)|~
k=1 P

Jj=0 Jj=0
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At the finest level in Algorithm 1, |Sp| = n.

Observe from Definition 2.2 that Sp and S¢ for HMMs given in Proposition 3.3 satisfy the mapping
fp : Sp — S¢ in Definition 3.1.

Now we return to the computation of the coarser grid and the coarser approximation. For each state
se € Se, the columns of the grid Qp corresponding to the states in Sp that get mapped to the same state
s¢ are summed. The aggregation on the columns of QD is also performed on the columns of the smoothed
row vector x,D yielding the vector z¢ in step 5 of Algorithm 2. These are achieved by using the restriction
[22] (or aggregation) operator defined next.

DEFINITION 3.4. The (|Sp| x |Sc|) restriction operator Rp for the mapping fp : Sp — Sc has its
(sp, sc)th element given by

_J 1 if fp(sp) =sc
rp(sp,sc) = { 0 otherwise for sp € Sp and s¢ € Sc.

PROPOSITION 3.5. The restriction operator Rp is nonnegative (i.e., Rp > 0), has only a single nonzero
with the value one in each row and therefore row sums of one (i.e., Rpe = e). Furthermore, since there
is at least one nonzero in each column of Rp (i.e., e’ Rp > 0), it is also the case that rank(Rp) = |Sc|.
Thus the product QDRD yields a column aggregated grid whose row sums (i.e., QDRDe = Qpe) are zero
if Qp has row sums of zero (i.e., Qpe = 0).

For each state s¢ € Se, the rows of QpRp corresponding to the states in Sp that are mapped to the
same state s¢ are multiplied with the corresponding normalized elements of the smoothed row vector x/D
and summed. This is achieved by using the prolongation [22] (or disaggregation) operator defined next.

DEFINITION 3.6. The (|S¢| x |Sp|) prolongation operator Pz/D for the mapping fp : Sp — Sc has its

(sc,sp)th element given by

Dy (sc,sp) = { xD(SD)/ZSDGSD’fD(sD):SC zp(sp) if fosp) = sc for sp € Sp and s¢ € Sc.

0 otherwise

ProrosiTiON 3.7. If x/D > 0, the prolongation operator P is nonnegative (i.e., P > 0), has
D D
the same nonzero structure as the transpose of Rp (i.e., R%), a single nonzero in each column (i.e.,

eTPgE/D > 0), and at least one nonzero in each row, implying rank(Pz;D) = |S¢|. Furthermore, when

x/D > 0, each row of Px; s a probability vector, implying Pw;; has row sums of one (i.e., Px;e = e) just

like Rp. Thus premultiplying QpRp by Pm/D yields the (|S¢| x |Se|) square grid Qc, which has row sums
of zero regardless of the norm of xlp.

The prolongation operator depends not only on Sp and S¢, but also on the smoothed vector x'D, which
is indicated by using the subscript x/D rather than D. This implies that the elements of Qc depend on mID
and will be different ip each cycle of the ML solver.

LEMMA 3.8. Ifxp > 0, then PzijD = Ic, where I¢ is the identity matriz of order |Sec|.

Proof. The identity follows from Propositions 3.5 and 3.7 by the facts that Pw;; >0, Rp >0, Pm/D has
the same nonzero structure as Rk, Pz/De =e,and eT’RE =e’. O

When x;J > 0, we can state the next definition [21, p. 387] using RD(PJJ;DRD)P% = RD(IC)P% =
RDP:E’D from Lemma 3.8, Rp > 0, Rpe = e and Pw;; >0, Pw;De = e from Propositions 3.5 and 3.7,

respectively.
COROLLARY 3.9. When x5, > 0, the (|Sp| x |Spl|) matriz

H, =RpP,

defines a nonnegative projector (i.e., H + >0 and Hi, = H . ) which satisfies H + e = e.
D D D D

LEMMA 3.10. If.Z‘,D > 0, then x/DHw/ = J;,D.
D
Proof. The identity follows from the definitions of restriction and prolongation operations (see Defini-
tions 3.4 and 3.6) and the fact that the restricted and then prolonged row vector is z4,. O
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The convergence analysis in section 4 is based on showing that the coarser grid Qc is an irreducible
CTMC and x¢ > 0 if the finer grid QD is an irreducible CTMC and x/D > 0. This has been done for HMMs
with one macro state in [9, p. 348]. In section 4, we show the results for the mapping f : Sp — S¢ in
Definition 3.1.

Step 7 in Algorithm 2 corresponds to the opposite of what is done on x,D in step 5; that is, it performs
disaggregation using the newly computed vector yc and the prolongation operator Px;; (which is based on

the smoothed vector :z:;)) to obtain the vector yp. The next result follows from Proposition 3.7

ProrosiTION 3.11. Ifye > 0 and mD >0, then yp = ycP, >0, since eTP > 0.

Similar aggregation and disaggregation operations are performed in Algorlthm 1 at the finest grid Q.

The Kronecker representation of Qc for an HMM with one macrostate is given in [9, p. 347]. Here we
extend it to multiple macrostates and show that Qc can be expressed as a sum of Kronecker products as
in Definition 2.2 using >, ;- s+ [7i,5] vectors each of length at most max;c st (H‘Cl SJ(.C’“)|) and the
matrices corresponding to the components in C excluding (K +1), which denotes the HLM (see Proposition
3.3). More specifically, we have the next definition.

DEFINITION 3.12. If h = Dy is the index of the aggregated component, then the scth element of the
vector corresponding to the t.th term in block (i,7) of the aggregated CTMC Qc is defined as

4 h h h
(ZSDESD,f‘D(S‘D):SC xD(SD) a(the)v(ivj)(SD) (esD(h)Q( )(S( ) S( )) ))

.Z‘c(Sc)
forsc € Sc, te €15, andi,j € SEHD,

agc,t.), (i) (sc) =

where a(p,y,i,5) = € if D corresponds to the finest level, sp(h) € SM | and €sp(h) 15 the sp(h)th column
of the identity matriz of order \Si(h)|. Hence,

[C]—1 [C]—1
@ Q(Ck) Z ® dlag ac.) ]]))Q (Ck) (S(Ck) S(ck))
te€7;,; k=1
[C]—1
- @ diag( Q(C’”) F Ck))e)
[C]—1

- Y Y R diaglaen i) diag(QC (S, 8M)e)  for j e SEFY,

ieSK+D) t.e€T;; k=1

Ic|—1
Z ® diag(ac.t, z;))Q () (S(Ck) S(C’“)) fori,j e SEFY £
te€Ti,; k=1

Observe from Proposition 2.3 that the last two terms of Q¢ (4, 7) return a diagonal matrix which sums
the rows of Qc(j,j) to zero. Furthermore, the vectors a(p.) ) for te € 7;; and 4,5 € SEHD at the
finest level consist of all ones, and therefore need not be stored. When the recursion ends at the HLM,
Qc is a (|SEHD| x |SE+D|) CTMC, and therefore is generated and stored explicitly in sparse format
so that it can be solved using a direct method. We remark that ac.) ;) = e for those t. which have
all ngk)(Sl.(ck),S](ck)) as diagonal matrices of size (|Si(c"')| X \S](C")\) with ones along their diagonal for
k=1,2,...,|C| —1 and i,j € SE*Y . Since component matrices forming Qc(i,j) for i,j € SE+D 4 £ 4,
can very well be rectangular, we refrain from using I, and remark that such vectors need not be stored
either.

The next section presents the convergence analysis of the proposed class of ML methods for large,
sparse Markov chains.

4. Convergence analysis. Let D represent the current level and C represent the next coarser level
in the ML cycle as in Algorithms 1 and 2. Let Sp and S¢ denote respectively the state spaces of Qp and
Qc, and assume that the mapping of states from Sp to the states in S¢ is onto and satisfies |S¢| < |Sp| as
in Definition 3.1. The results that are presented in this section for Algorithms 1 and 2 are general in that
the Kronecker representation of the grids particular to HMMs is not utilized.
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4.1. Irredumblllty of the coarser grids. Recall that Rp > 0, Rpe = e, el Rp > 0 from Proposition
3.5, and if mD >0, then P, >0, P re=e, eTP ol > 0 from Proposition 3.7. Now, consider the definition
of irreducibility in [21, p. 209] and [25 p. 13].

DEFINITION 4.1. Let G(A) = (V, &) be the directed graph (digraph) associated with a square matriz A,
where V is the set of vertices (or nodes) and & is the set of directed edges (or arcs). Then V has as many
vertices as the order of A and € has a directed edge from vertex i to j if and only if a; ; # 0. The digraph
G(A) is said to be strongly connected, if for each pair of vertices (i, j), there is a sequence of directed edges
leading from i to j. The matrixz A is said to be irreducible if and only if G(A) is strongly connected. In MC
terminology, the vertices in the graph correspond to states. A state is said to be reachable from another
state if there is a path of transitions that lead to the state from the other state, and by definition a state is
reachable from itself. A MC is irreducible if each state is reachable from every other state.

PROPOSITION 4.2. [Irreducibility concerns transitions that appear in the off-diagonal part of a CTMC
and the nonzeros corresponding to rates of these transitions have positive values.

Now, we are in a position to state and prove a lemma for Algorithms 1 and 2 that will be used in the
convergence analysis.

LEMMA 4.3. The coarser grid Qc = PE;; QDRD is an irreducible CTMC and xc = .T/DRD > 0 if the

finer grid Qp is an irreducible CTMC' and x'D > 0.

Proof. First, we show that Q¢ = Px/D QpRp is an irreducible CTMC using Definition 4.1 and Proposi-
tion 4.2. Without losing generality, consider the pair of different states sp, s, € Sp. Through f : Sp — S¢
in Definition 3.1, these pair of states are mapped respectively to the states s¢,sp € S¢ (i-e., f(sp) = sc
and f(sh) = sp). Since Qp is irreducible, there exists a path of transitions from sp to sf, in Sp in the
form sp = $1,82,...,8m = §p, where m < |Sp|, s € Sp, and Gp(sk,sk+1) > 0 for k € {1,2,...,m — 1}
Mapping this path onto Sc¢ yields the path s¢ = t1,ta,...,tn = s;, where f(s;) = tr, € Sc. Now, let ey,
denote the txth column of Iz. Then, in the mapped path, we either have t = tx11 or Ge(tx, tkr1) > 0,
where the latter follows from

Go(te,ther) = ef Qcer,,, = (e]. P, )QD(RD%H) > Pyt (ths 56)3D (8K, Sk41)TD(Sk41, Erep 1),

since zp(sg) > 0 (implying Pyl (tk, sk) > 0 from Definition 3.6), ¢p(sk, Sk+1) > 0, and f(Sk+1) = trt1
(implying rp(Sk+1,tk+1) = 1 from Definition 3.4). Thus we conclude, s} is reachable from sc.

We have effectively shown that each state in Qe is reachable from every other state. The question
that arises at this point is whether a row of Q¢ can become zero after the restriction. The answer is no,
as long as S¢ has multiple states (i.e., |Sc| > 1), since all states in Sp that are mapped to a particular
state in S¢ cannot have all their transitions among themselves. This would imply that QD is reducible,
which is a contradiction. Furthermore, since the row sums of Qc are zero (i.e. ch = (P, QDRD)e =

P% Qp(Rpe) = P% Qpe = 0 because Qp is a CTMC and Qpe = 0), its diagonal must be equal to its

negated off-diagonal row sums. Hence, Q¢ is an irreducible CTMC.

Now, we show that z¢ > 0. Since z¢ = x'DRD, xlD = eriag(x/D) where diag(xlp) is the diagonal
matrix with x/D along its diagonal, diag(mID)RD has the same nonzero structure as Rp, and el Rp > 0, we
have z¢ = 2 Rp = (eTdiag(zp))Rp = 7 (diag(zp)Rp) > 0 when x7, > 0. O

COROLLARY 4.4. If Qp is an irreducible CTMC, x;D > 0, and m/DQD =0, then zcQc = 0, where
QC = PT/D QDRD and Trc = I'IDRD

Proof. We have z¢Qc = (x/DRD)(Pg;’DQDRD) = (x/DRDPz/ )QpRp = (apH, )QDRD = (zp)QpRp =
(x/DQD)RD = 0, since xiDHx/D = J?/D from Lemma 3.10 and x/DQD =0 by assumptlon. d

PROPOSITION 4.5. If mp = w > 0 denotes the steady state vector of the irreducible grid Qp = Q
at the finest level D, then the irreducible grid obtained by exact aggregation at the next coarser level C is
Qc = P, QpRp and has the steady state vector m¢ = mpRp > 0. The result extends to all adjacent pairs
of levels D and C as long as level D has the exact irreducible grid Qp and its steady state vector mp is used
to compute the irreducible grid Q¢ at the next coarser level C.

The proposition follows from 7¢Q¢ = (7pRp)(Prp@pRp) = (mpRpPrpy)QpRp = (7pHyp)QpRp =
(7p)QpRp = (rpQp)Rp = 0 since mpH,, = mp from Lemma 3.10 and 7pQp = 0 by assumption.
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The next subsection specifies sufficient conditions for a converging smoother to provide improved
solutions at each level.

4.2. Convergence of the smoothers. By definition at the finest level in Algorithm 1 and by
construction at the coarser levels in Algorithm 2, the matrix Q)p is an irreducible CTMC when x5, > 0 (see
Lemma 4.3). Now, consider the nontransposed homogeneous singular linear system in the next definition

(ct. (1.1)).

DEFINITION 4.6. The problem at level D in the ML method is to solve
ﬁp@p =0 subject to 7pe =1,

where Tp > 0 is the steady state vector of the irreducible CTMC QD.

PROPOSITION 4.7. At the finest level D, the steady state vector of the irreducible CTMC Qp satisfies
7ip =7 since Qp = Q.

Now, consider the splitting of Qp in the next definition.

DEFINITION 4.8. Let Qp be split as

Qp =Dp —Up — Lp = Mp — Np,

where Dp, Up, and Lp are respectively the diagonal, negated strictly upper-triangular, and negated strictly
lower-triangular parts of Qp, and Mp is nonsingular (i.e., Mgl exists).

PROPOSITION 4.9. If Qp is an irreducible CTMC, each of the terms Dp, Up, and Lp in the splitting
of Qp is nonpositive (i.e., Dp < 0, Up <0, and Lp < 0); furthermore, Gp(sp, sp) # 0 for all sp € Sp,
implying D{)l and (Dp — Up)~! emist.

The next definition involving the iteration matrices of the POW ER, JOR, and SO R smoothers follows
from [25, Ch. 3].

DEFINITION 4.10. If QD is an irreducible CTMC, then the POWER, JOR, and SOR smoothers are
based on different splittings of Qp, where each yields an iteration matriz of the form

Tp = NpMp!
and the sequence of approzimations
acg)mﬂ) = x(Dm)TD for m=0,1,....
The particular splittings corresponding to the three smoothers are
MgOWER _ —Oélp, NgOWER _ —a(ID + Q'D/a);
MPOR = Dp/w, NEOR =1 —-w)Dp/w+ Lp + Up,

MpP" = Dpjw —Up, N°% =(1-w)Dp/w+ Lp,

where a € [Maxspesy|Gp(sp, sp)|, ) is the uniformization parameter of POWER and w € (0,2) is the

relazation parameter of JOR and SOR. The JOR and SOR splittings reduce to Jacobi and Gauss-Seidel
(GS) splittings for w = 1. Hence, the iteration matrices corresponding to the three splittings are

THOWER = Ip 4+ @Qp /o,

TEOR = (1 —w)Ip +w(Lp + Up)Dp'  and TP = (1 —w)Dp/w + Lp)(Dp/w — Up) L.

The next lemma specifies a fixed point for the iteration matrices of the POW ER, JOR, and SOR
smoothers.

LEMMA 4.11. For the smoother S = {POWER, JOR,SOR} at level D, the steady state vector Tp of
QD satisfies mpTp = wp, where Tp is the iteration matriz of the corresponding smoother.

Proof. The proof rests on the particular form of the iteration matrices in Definition 4.10 and the fact
that 7pQp = 0 in Definition 4.6. For POW ER, we have

77FDT£OWER =aplp + 7~TDQD/04 = Tp.
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For JOR, we have

ipTpCF = 7p(1 — w)Ip + Fpw(Lp + Up) Dyt = (1 — w)ip + wip(Dp — Qp) Dyt

= (1 — w)frp + wﬁD(ID — QDDgl) = (1 — W)7~TD + wﬁp — wﬁDQDDgl = 7~TD
since Lp +Up = Dp — QD from Definition 4.8. For SOR, we have

ﬁDTgOR =7p((1 —w)Dp/w+ Lp)(Dp/w — UD)_l =7p(Dp/w—Up — QD)(DD/W - UD)_l
= 7p(Ip — Qp(Dp/w — Up)™') = #p — #pQp(Dp/w — Up) ™' = 7p

since (1 —w)Dp/w+ Lp = Dp/w — Up — QD from Definition 4.8. O

Before we state another lemma, we recall the definitions of primitivity and M-matrix from [25, p. 352
and p. 170] and remark that detailed information concerning M-matrices may be found in [4].

DEFINITION 4.12. Let o(A) denote the set of eigenvalues (or spectrum) of the square matriz A (i.e.,
o(A) ={\| Av = dv,v # 0}) and let p(A) be the spectral radius of A (i.e., p(A) = {max |\ | A € 0(A)}).
A nonnegative, irreducible matriz B is said to be primitive if it has a single eigenvalue with magnitude
p(B).

DEFINITION 4.13. Any square matriz A of the form A = sI — B with s > 0 and B > 0 for which
s > p(B) is called an M-matriz.

PROPOSITION 4.14. The negated CTMC —Qp is a singular M-matriz.

The next proposition follows from [21, p. 640] and [25, p. 118].

PROPOSITION 4.15. For the irreducible CTMC Qp, the matriz eip has the steady vector of Qp in
each of its rows, and therefore is positive (i.e., ep > 0), a probability matrix (i.e., eipe = e), and of rank
1.

COROLLARY 4.16. When Qp has a single state (i.e., |Sp| =1), Qp =0, and 7p = 1.

For HMMs, Corollary 4.16 applies at the coarsest level when the HLM has one macrostate.

Now, we are in a position to state and prove a lemma, which is essential in characterizing the conver-
gence of the three smoothers.

LEMMA 4.17. If the smoother S € {POWER, JOR,SOR} satisfies a € (maxspes, |Gp(sp,sD)], 00)
and w € (0,1), then the iteration matriz Tp associated with the irreducible CTMC Qp is nonnegative,
irreducible, primitive, and has a spectral radius and an eigenvalue of one; furthermore, Tp = WDBDW51,
where Bp is a probability matriz and Wp is a nonnegative, diagonal matrixz having the right eigenvector
of Tp corresponding to one along its diagonal, implying lim,, .. T = (Wpe)wp/(FpWpe) > 0 and is of
rank 1. When POW ER is the smoother, Wp = Ip and Tp is a probability matriz, implying lim,, . T3 =
erp > 0.

Proof. First, we show the nonnegativeness of the iteration matrices under the given assumptions using
Definition 4.8, Proposition 4.9, and Definition 4.10. The nonnegativeness of T& OWER  for
a € (maxs,esp |Gp(sp, sp)|,00) follows from Ip + Dp/a > 0, —(Lp + Up)/a > 0, and TEOWER —
(Ip + Dp/a) — (Lp + Up)/a. Similarly, the nonnegativeness of TZF for w € (0,1) follows from
(I1-—w)p >0, Lp+Up <0, and D51 < 0. On the other hand, the nonnegativeness of TgOR for
w € (0,1) follows from (1 — w)Dp/w + Lp < 0 and (Dp/w — Up)~! < 0 since —(Dp/w — Up) is a
nonsingular M-matrix [21, p. 626].

The irreducibilities of THOWER and THOF follow in a straightforward manner from the irreducibility
of QD (see Proposition 4.2), since they have the same off-diagonal nonzero structure as QD. On the other
hand, T3°F is the product of (1 — w)Dp/w + Lp and (Dp/w — Up)~L, both of which are negative with
negative diagonals for w € (0,1). Note that this implies a positive diagonal in T3°%. Now, the nonzero
structure of the former TSOR factor below the diagonal is the same as that of Lp and the nonzero structure
of the latter T3OF factor is given by the transitive closure of G(Dp/w—Up) [17, p. 72]. Hence, the product
of the two factors will yield at least as many nonzeros as there are in QD7 implying the irreducibility of
TSOE. Furthermore, a € (maxspes, |Gp(sp, 5p)|,00) and w € (0, 1) ensure positive diagonals in TH5OWER,
TR and TSP, and hence, iteration matrices that are primitive (or aperiodic). Using the fact in Lemma
4.11 that 7p > 0 is the left eigenvector corresponding to the iteration matrices THOWEFE TIOR and T3OF,
we conclude that each of the nonnegative, irreducible, and primitive iteration matrices has a spectral radius
and an eigenvalue of one from the Perron-Frobenius Theorem [21, p. 673]. Powers of such iteration matrices
converge to constant, positive matrices [21, p. 674].
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Now, recall that if T > 0 with p(T') > 0 and v > 0 such that Tv = p(T)v, then T/p(T) is similar to
a probability matrix [4, p. 49]. That is, for a nonnegative and irreducible matrix 7' with positive, right
eigenvector v, there exists a diagonal matrix W with w(i, i) = v(i) such that B = W~1TW is a probability
matrix. Since Tp is nonnegative, is irreducible, and p(Tp) = 1, after setting T = Tp we must have
Tp = WpBpWg ! where Bp is a probability matrix and Wp is a nonnegative, diagonal matrix having the
positive, right eigenvector of T'p along its diagonal. Hence, 7' = Wp BEW, ! for m > 0. Now, since 7p >
0 (see Definition 4.6) is a fixed point of Tp from Lemma 4.11, it must be unique because Tp is nonnegative
and irreducible [21, p. 673]. Consequently, we have 7pT3 = 7p, or TpWpBEW5 ' = %p. But this
can be written as 7pWpBJ}y = mpWp. Taking the limit, we obtain 7pWp lim,,—. Bfy = mpWp, which
implies lim,, ..o BY = e(7pWp)/(7pWpe), since Wp is a nonnegative, diagonal matrix and lim,,_,.. BY
must have the same probability vector in each of its rows. Then, limp, oo T3 = Wp(limy,—oc BE )W 1—
(Wpe)wp/(FpWpe). Since the numerator is an outer product and the denominator is a scalar, the limiting
matrix is of rank 1. For the POW ER smoother, we remark that TSOWERe = (Ip + Qp/a)e = e +
(Qpe)/a = e since Qpe = 0. Hence, TEOWEE is a probability matrix, Wp = Ip, and powers of THOWERE
converge to the probability matrix ep which has the steady state vector 7p of Qp in its rows as shown
in [25, p. 16]. O

Using Lemma 4.17, the next proposition expresses the pre- and post-smoothings at level D concisely.

PROPOSITION 4.18. Given the irreducible CTMC Qp, after vy iterations of pre-smoothings at level D
with the smoother S, the smoothed vector becomes

Ty = zpTH > 0;
after vy iterations of post-smoothings at level D with S, the smoothed vector becomes

yp = ypTpH: > 0.

The next definition follows from Theorem 4.4 in [24, pp. 45-46] and is introduced to aid the charac-
terization of the nonasymptotic convergence behavior of smoothings.

DEFINITION 4.19. Let Sp € IRIS?IXIS2l pe nonsingular (i.e., Sl_)l exists). Then the function defined
as

||w||SD = H’U}SDHl forw € R1X|5D‘

is a vector norm?.

The next theorem characterizes the nonasymptotic convergence behavior of the smoothings through
a lemma for positive probability matrices based on the discussion in [2, pp. 270-271] and proved in the
appendix, and two results on nonnegative, irreducible matrices similar to positive matrices [5, p. 371 and
p.375]. We remark that a similar theorem may be stated for the initial approximation yp.

THEOREM 4.20. Given the initial approzimation a:g) = xp > 0 for the irreducible CTMC Qp and the
smoother S € {POW ER, JOR, SOR} with iteration matriz Tp such that x5 & Range(Ip —Tp), if Ty is
nonnegative (i.e., Tp' > 0), irreducible, and satisfies any of the three conditions:

(i) TR is positive (i.e., TR > 0),

(1) TF' has a positive row ip (i.e., ez;Tgl > 0) for some ip € Sp or a positive column jp (i.e.,

T e, > 0) for some jp € Sp,
(i11) TZ has a zero element in position (ip, jp) (i.e., 63;3T7'31 ejp =0) for some ip, jp € Sp,
(a) all other elements in row ip are positive (i.e., eZ;TglekD > 0 for kp € Sp, kp # ip) and
eZ;Tgleip > e]TDTl';lejD, or
(b) all other elements in column jp are positive (i.e., ef Tp'e;, >0 for kp € Sp, kp # jp) and

e;fFDTTl’,leiD < e;FDTZ'Ql €ip
then
lapep — Follsp < (1 - gpup,jw) lapen — #olls0,
ip,jDESD

2This norm should not be confused with the elliptical norm [21, p. 288] defined as |lw||sp = [[wSpll2
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where ZC/D = xpTp', Gp is a positive probability matriz (i.e., Gp > 0, Gpe = e) defined as Gp = Snggl Sp
for some Sp > 0 such that 0 < min,,, jesp 90 (i, Jp) < 1/|Sp|, Tp is the steady state vector of QOp, and
ap = (’INI'DSDG)/({EDSDG).

Proof. From Corollary 3 and Theorem 4 in [5], if T} is nonnegative, is irreducible, and satisfies either
of the conditions (ii) or (iii), then it is similar to a positive matrix, that is, X5'Tp' Xp = Hp > 0 for
some (|Sp| X |Sp|) nonnegative matrix Xp. Condition (i) is a special case for which Xp = I'p. Since these
imply o(Hp) = o(T5') and we have p(T5') = 1 from Lemma 4.17, Hp > 0 must be similar to a positive
probability matrix Gp as in Y ‘HpYp = Gp > 0, where Yp is a nonnegative, diagonal matrix having the
positive, right eigenvector of Hp along its diagonal. Now, let Sp = XpYp to obtain T = SDGDSgl,
where Sp > 0, Gp > 0, and Ge = e.

For a sequence of converging approximations, one needs to ensure for the initial approximation that
x5 & Range(Ip—T%) [3, pp. 26-28]; otherwise, there will be no improvement. Furthermore, since 7p is the
unique, positive fixed point of T7' such that 7pe = 1 from Lemma 4.11, the unique, positive fixed point of
Gp with unit 1-norm must be ¢¥p = (7pSp)/(7pSpe). Now, rewrite x/D = xpTp using TR = SDGDSgl
to obtain x,DSD = zpSp(Gp). Since zp > 0, Sp > 0, and Sp has full rank, we have x:D > (0. Furthermore,
note that x/DSDe = zpSp(Gpe) = zpSpe. Letting EID = (x/DSD)/(xDSDe) and Tp = (xpSp)/(xpSpe),
we have from Lemma A.1 in the Appendix

o~ vl < (1 ming_ golip.in)) [0 - vl
ip,jpESD

The result follows by taking each of (EID —p) and (Tp — ¢¥p) into Sp parantheses, multiplying bothsides
of the inequality by 7pSpe, letting ap = (7pSpe)/(zpSpe), and using Definition 4.19. O

Theorem 4.20 indicates that the normalized solution vector, apxp, improves with v pre-smoothings
if TZ' is positive or has a(n) (almost) positive row or column. Now, observe that the ordering of
grids suggested by O € {FIXED,CYCLIC, DY NAMIC?} has no effect on the assumptions of The-
orem 4.20 and the parameters MIN_IN_PRE, MAX _IN_PRE, MIN_IN_POST, MAX_IN_POST,
MIN_OUT_PRE, MAX_OUT_PRE, MIN_OUT_POST, MAX_OUT_POST, p, RES_COUNT in Al-
gorithms 1 and 2 determine vy and v, at each level. Note from Lemma 4.17 that as vy increases, T3
converges to a positive, rank 1 matrix. Hence, there is a value of 11 > 0 for which the assumptions of
Theorem 4.20 hold. We remark that Qp is almost always sparse and the iteration matrices associated with
the POWER and JOR smoothers have the same off-diagonal nonzero structure as that of Qp. Hence,
compared to POWER and JOR, the SOR smoother has a higher chance of satisfying the conditions
of Theorem 4.20 for a smaller value of vy, since its iteration matrix is likely to have a larger number of
nonzeros as suggested in the proof of Lemma 4.17. Similar arguments are valid for post-smoothings. In
summary, the smoothings can always be enforced to yield improved positive approximations at each level.

4.3. Convergence of the ML solver. Using the results in the previous subsections, we show that
under certain conditions the devised class of ML methods provide converging iterations for different choices
of the cycle parameter C' € {V,W, F'}.

First, we define the ML iteration matrix at level D in Algorithms 1 and 2 using Propositions 3.5, 3.7,
4.15, and 4.18. Note that when there are only two levels, the W- and F-cycles are not defined, and the
V-cycle yields an IAD solver. In order not to complicate the notation further, we refrain from introducing
an index for the cycle number to the matrices and vectors at this point.

DEFINITION 4.21. Let T denote the ML iteration matriz that operates at level D on zp > 0 to give
yp > 0 at a particular cycle using the smoother S € {POWER, JOR, SOR} associated with the irreducible
CTMC Qp, where o € (maxy,es,, |Gp(sp,5p)|,00) and w € (0,1), and similarly let T and TH'" denote
the ML iteration matrices that operate at the next two coarser levels C and B, respectively. Then

yp = opTH™,
where
Tll;IRDTéV[LPm/ S if C=V
D
TgL — T{;lRD(TéWL)QPT/ TH if C=W
«p
TglRDTCMLTCML P T if C=F
D
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T = T¢ ReT3'™ P, T2, wp = apTg,
and when Q¢ is the coarsest grid and solved exactly, TML = TML (eyc)/(xce) > 0, where yé = Tic.

COROLLARY 4.22. When POW ER is the smoother and xp > 0 satisfies zpe = 1, the ML iteration
matriz TAE for C € {V,W, F} is a positive probability matriz (i.e., THL > 0, TN Le = e) and therefore
has a spectral radius of one (i.e., p(TAL) =1).

Proof. For the POW E R smoother, at the coarsest level C we have TCM L— TCM L' = ¢fc from Definition
4.21 when zpe = 1, implying a positive probability matrix, which has a spectral radius and an eigenvalue
value of one. This forms the base case. Now, let us assume that the result is true for all levels from
the coarsest up to an arbitrary level C; this is the inductive hypothesis. We show that the result must

be true for the next finer level D. Noting that Rpe = e from Proposition 3.5, (IM%)e = e from the
inductive hypothesis, PZ;De = e from Proposition 3.7, and Tpe = e from Lemma 4.17, we have TA e =
T RDTCMLP%TZ”)?e =Th RpTHME (Pm;3 e) = T3 Rp(THMEe) = TH (Rpe) = Tpte = e for the V-cycle. The
result follows similarly for W- and F-cycles. O

The interpretation of TA'L for V- and W-cycles is as follows. If the recursive call(s) to level C are turned
off, then only (v1 + 1) iterations are performed on zp with the smoother S. Otherwise, the smoothed
solution vector is restricted to level C (i.e., zpT5' is the smoothed solution vector and zpT5' Rp is the
restricted solution vector), the restricted solution vector is improved respectively one or two times with
the iteration matrix TM L the improved solution vector is projected back to level D, and smoothed. The
interpretation of T Py for an F-cycle is similar to that for V- and W-cycles with the difference that the
restricted solution vector is improved with the iteration matrix TA/Z once followed by the iteration matrix
of the V-cycle. This is exactly what is meant with a W-cycle followed by a V-cycle at each level.

The next lemma follows from Lemma 4.3, Lemma 4.17, and Definition 4.21.

LEMMA 4.23. If Qp is an irreducible CTMC, xp > 0, and the smoother S € {POWER,JOR,SOR}
satisfies o € (maxspesy |Gp(sp,sp)|,00) and w € (0,1), then the ML iteration matriz TA'L for C €
{V,W, F} is positive (i.e., TAIL >0).

Proof. The proof is by induction. At the coarsest level C, we have TML = TM L" 5 0 from Definition
4.21. This is the base case, and implies (TCML)2 = TCMLTéWLl > 0. Now, let us assume that the statement
is true for all levels from the coarsest up to an arbitrary level C. This is the inductive hypothesis. Now,
we show that the statement must be true for the next finer level D. Since P > 0 and each column of

(1M L)2P +, and
TM LTéVI L P /are positive. Furthermore, since Rp > 0 and each row of Rp has one nonzero element from

Proposition 3.57 the (|Sp| x |Sp|) matrices RpTH L P, , Rp(THF)?P, , and RpTMETME P are also

D D D
positive. Then the result follows from Lemma 4.17 by the fact that the iteration matrix associated with
the smoother is nonnegative and irreducible, implying at least one nonzero in each row and column of Tp
which pre- and post-multiplies the positive matrices RDTCM LPI;D, Rp (TCM L)QPI;D, and RDTéV[ LTCM L PI;J.
0

P_ has one nonzero element from Proposition 3.7, the (|S¢| x |Sp|) matrices Tc Lp,

I b

The next result follows from Lemma 4.23 in that the positivity of Tg[ L implies its irreducibility and a
positive diagonal, and hence its primitivity [4, p. 47].

COROLLARY 4.24. If Qp is an irreducible CTMC, xp > 0, and the smoother S € {POWER, JOR,
SOR} satisfies o € (maxspesy |Gp(sp,sp)|,o0) and w € (0,1), then the ML iteration matriz TA'L for
C € {V,W, F} is irreducible and primitive.

The next lemma shows that the steady state vector, mp, of the exactly aggregated grid, Qp, is the
unique, positive, unit 1-norm fixed point of the ML iteration matrix, TA/L, at level D upon convergence.

LEmMMA 4.25. If Qp is an irreducible CTMC and equal to Qp, xp = 7p, and the smoother S €
{POWER,JOR,SOR} satisfies a € (maxXspesp |¢p(sp,5D)|,00) and w € (0,1), then the ML iteration
matriz T for C € {V,W,F} has the unique, positive fived point wp (i.e., npTML = 7p) such that
npe = 1; furthermore, p(TS1L) =1 and y/D =Tp.

Proof. The proof is by induction. At the coarsest level C, we have Qc = Q¢ and z¢ = 7 > 0,
implying TM L TM L" — eme > 0 from Definition 4.21. This positive matrix is stochastic and has the
unlque posmve ﬁxed point 7¢ such that mce = 1. Furthermore, it has a spectral radius of one and
Yo = xcTMY = me(eme) = (mee)me = me. This is the base case, and yields (THF)2 = TMEITML =
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(emc)(eme) = e(mee)ne = eme > 0. Now, let us assume that the statement is true for all levels from the
coarsest up to an arbitrary level C. This is the inductive hypothesis. Now, we show that the statement
must be true for the next finer level D.

Since xp = mp > 0 is the fixed point of Tp from Lemma 4.11, npRp = m¢ from Definition 3.4,
neTME = me by the inductive hypothesis, and ¢ Py, = 7p from Definition 3.6, the result follows from
Definition 4.21 for the V-cycle as y/D = 1pTh, = (7TDTI”,1)RDTCMLPﬂDTg2 = (WDRD)TCJMLPWDT%2 =
(meT, éVIL)PﬂDTgQ = (m¢Prp)Ty = mpTf = mp. The result follows similarly for W- and F-cycles after
interchanging Téw L respectively with (Téw £)2 and TCM LTCM L' The uniqueness and positiveness of the fixed
point of TAL follows from Lemma 4.23 by the fact that TA'X is positive [21, p. 666]. Clearly the spectral
radius of TAE is one. O

The next theorem characterizes the nonasymptotic convergence behavior of the ML solver with the
initial approximation xp by defining a unique, positive, unit 1-norm fixed point for the particular cycle.

THEOREM 4.26. If TAL is the ML iteration matriz that operates at level D on xzp > 0, such that
L & Range(Ip—T%), to give y/D > 0 at a particular cycle using the smoother S € {POWER, JOR,SOR}
associated with the irreducible CTMC Qp, where o € (maxgpes, |Gp(sp,sp)],00) and w € (0,1), then
TAL ) o(TALY has a spectral radius of one and a vector ¢p as its unique, positive fized point (i.e.,
op(TYE/p(THE)) = ¢p) such that gppe = 1. Furthermore, THY/p(TAY) = ZpHpZy', where Hp
is a positive probability matriz (i.e., Hp > 0, Hpe = e) and Zp is a nonnegative, diagonal matriz having
the positive, right eigenvector of T /p(TAE) along its diagonal. The unique, positive fived point of Hp
is given by Yp = (¢pZp)/(ppZpe) (i.e., wpHp = ¢p) such that Ype = 1. Finally,

1(bp/o(TA ™)) yp — épll 25 < (1 — min hD(iDJD)> lopzD — 9Dl 205

ip,jpESD

where bp = (¢pZpe)/(xpZpe) and 0 < ming, joesy, hpo(ip,jp) < 1/|Sp|. At the coarsest level,
I(bp /(TN =) yr, — dp | 25 = O if the system is solved directly. When POW ER s the smoother, Zp = Ip,
HD = TéVIL, p(Tlg/[L) = ]., 1/)1) = gbp, and bD =1.

Proof. Recall from Lemma 4.23 that T'Y > 0. Since p(TA*) > 0 for TAF # 0, the matrix
TAL /p(TAL) is also positive, it satisfies o(TAE/p(TME)) = {N/p(THE) | X € o(TAE)}, and therefore
has a spectral radius of one. The uniqueness and positiveness of the fixed point ¢p follows from Corollary
4.24. The row vector ¢p > 0 is assumed to be normalized so as to have unit 1-norm (i.e., ¢pe = 1).

To prove the second part, recall Corollary 4.24 and the result in [4, p. 49] which is also used in the
proof of Lemma 4.17. These imply that TAL/p(TA L) must have a positive, right eigenvector (p for which

5" [ p(TH'") = ZpHpZyp',
where Zp = diag(¢p), Hp > 0, and Hpe = e. In other words,
Hp = Zp (T /p(Tp'")) Zp

is a probability matrix similar to TAL/p(TAE) and its positivity follows from TAL/p(TAL) > 0 and
(p > 0. Note that it does not matter whether (p is normalized or not, since Hp is defined in terms of Zp
and Zgl. The uniqueness and positiveness of the fixed point ¥p follows from Hp > 0. The row vector
¢p > 0 is assumed to be normalized so as to have unit 1-norm (i.e., ¢pe = 1) and it is given by ¢¥p = ¢pZp
since Hp and TAL /p(TA;E) are related by a similarity transformation, where the transformation matrix
is ZD.

To prove the last part, rewrite

yp = p(Tp “xp(Tp' " /p(THT))
using TN /p(TAMY) = ZpHpZ5 > 0 as
(ypZp)/(p(TH ") xpZpe) = (xpZp)Hp/(vp Zpe),

which is equivalent to y'D = TpHp. Since zp > 0, yp > 0, p(TAE) > 0, and ¢p > 0, we have Tp =
(2pZp)/(xpZpe) > 0, implying Tpe = 1, and Jp = (ypZp)/(p(TAE)zpZpe) > 0. Furthermore, since
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Hp >0, Hpe = ¢, and ZTpe = 1, we obtain @lpe = 1. Then, from Lemma A.1 we have

7o - vl < (1= min,_hoi.io)) 70~ vl

iD,JDESD

The result follows by taking each of @’D —¢p) and (Tp —¢¥p) into Zp parantheses, multiplying both sides
of the inequality by ¢pZpe, letting bp = (¢ppZpe)/(zpZpe), and using Definition 4.19. The part for the
coarsest level follows from Definition 4.21 by the fact that TAY = (eyp)/(zpe) and p(TAL) = 1/(zpe),
implying T L /p(TML) = Hp = ey'D and Zp = Ip. For the POW ER smoother, Corollary 4.22 implies
Zp = diag(e) = Ip, and therefore, the respective results. O

The ML iteration matrix, T/L changes at each cycle due to the dependence of P on 95/1)7 and
therefore, the ML iteration is non-stationary. At the end of each cycle, the solution vector at the finest
level D, y;), is normalized to be unit 1-norm and then assigned to zp so as to start the next cycle. As long
as x/D + 7p, the aggregated CTMC Q¢ at the next coarser level can only be approximative. Theorem 4.26
indicates that the normalized solution vector, bpxp, improves with respect to the fixed point ¢p with a
converging smoother as long as zp > 0 is not in the range of (I — TAX)T. For the solution to improve with
respect to steady state vector 7p at each level, one requires sufficient conditions on the smoother as in
Theorem 4.20. Then zp at the finest level will improve from one cycle to the next, implying an improvement
in the aggregated CTMC at each level, and thus an improved solution at each level. Then, recalling from
Lemma 4.25 that Qp = Qp and p(TA') = 1 upon convergence, p(TA%) and ¢p must be approaching one
and 7p, respectively, while the subdominant eigenvalue of TA'Z in magnitude is approaching zero with an
increasing number of cycles.

In [11], extensive numerical experiments have been conducted with the ML solver on HMMs. Therein,
the values chosen for the parameters of the POWER, JOR, and SOR smoothers are a =
maxsp,esp |Gp(sp,sp)|/0.999 and w = 1, and the initial approximation is the uniform distribution. Fur-
thermore, at least one pre- and one post-smoothing is performed at each level and the coarsest system is
solved using Gaussian elimination. Hence, POW ER is enforced to yield a converging smoother, and the
JOR and SOR iteration matrices are nonnegative. Although, w = 1 does not guarantee converging JOR
and SOR smoothers (see Lemma 4.10), the results indicate that convergence may still be achieved. Hence,
we conclude that the conditions stated in Theorem 4.20 for the smoothers are sufficient for convergence,
but not necessary.

The next section presents the results of an ML cycle.

5. A sample ML cycle. In this section, we walk through one ML cycle on the CTMC in Example
1 with the initial approximation

2 = (10.2000 0.2000 0.2000 0.2000 | 0.2000 )

using the parameters C = V and O = FIXED. These parameters imply that V is the cycle type (i.e.,
v =1) and FIXED is the ordering of components for aggregation. The computations are performed in
IEEE double (i.e., about 16 decimal digits of) precision. For brevity, we present the results with four digits
after the decimal point. Note that, from 7% = —2(9Q and 0(® = z(©) — 7, we respectively have the initial
residual vector

r® = (10.2000 0.0000 0.2000 0.0000 | —0.4000 ) with [, = 0.4000
and the initial error vector

ol = (10.0250 0.0500 0.1000 0.0750 | —0.2500 ) with [o(?]|s = 0.2500,

which satisfy 7(9e = 0 and 0o(Ye = 0. We consider two cases in the next two subsections, and for clarity
we denote the three levels respectively by D, C, B as in Definition 4.21.

5.1. With smoothings. In this part, one pre- and one post-smoothing is performed at each level
using S = SOR and w = 0.5. That is, SOR is enforced to be a converging smoother and (MIN_IN_PRE,
MAX_IN_PRE, MIN_IN_POST,MAX_IN_POST, MIN_OUT_PRE, MAX_OUT_PRE, MIN_
OUT_POST, MAX OUT_-POST)=(1,1,1,1,1,1,1,1).
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e Finest level, going down: The repeat-until loop in main() starts by smoothing zp = ) for

D = [1,2, 3] with one iteration of the SOR splitting

8 1 1 0] 2 4 0 0 0] 0
0 -4 0 1] 0 1 -2 0 0] 0
(5.1) Qp=Mp—Np = 0o 0 -6 1| 1 |- -1 o =3 o o
0 0 0 —4| 0 0 -1 -1 —2| 0
0 0 0 0]-2 1 0 0 0]-1

obtained by using w = 0.5 in Definition 4.10. Note that

0.5000 0.1250 0.0833 0.0521 | 0.5417
0.1250 0.5312 0.0208 0.1380 | 0.1354

TRO% = NpMp' = | 0.1250 0.0312 0.5208 0.1380 | 0.3854 |, yet p(Tp%%) =1.
0.0000 0.2500 0.1667 0.6042 | 0.0833
0.1250 0.0312 0.0208 0.0130 | 0.6354

Observe that TSOR has at least one positive row; hence, Theorem 4.20 applies. Since zp = z(©) > 0,
from zp, = 2pTSOF we have

zp=( 01750 0.1938 0.1625 0.1891 | 0.3563 ),

and x/D > 0 is not a unit 1-norm vector. Aggregating LLM 1 gives C = [2, 3],

1
0 0.5185 0 0.4815 0 0

1 —| o 0.5061 0 0.4939 | 0

0 0 0 0 0 | 1.0000
0

Hence, the states {(0,0,0),(0,1,0),(1,0,0),(1,1,0),(2,2,1)} defined by D are mapped onto the
aggregated states {(0,0), (1,0),(2,1)} defined by C. The coarser grid is given by

) i ~2.5185  1.0000 | 1.5185
Qc =Py QpRp = | 1.0000 —1.0000 | 0.0000
i 1.0000  0.0000 | —1.0000

Note that ch = 0 as expected. The restricted solution is obtained from z¢ = m/DRD as
Te = ( 0.3375 0.3828 ‘ 0.3563 )

At this point the recursive call ML(Q¢, z¢,C, 1) is made.
Coarser level, going down: The recursive call ML(Q¢, z¢, C, 1) starts by smoothing z¢ for C = [2, 3]
with one iteration of the SOR splitting

~ —5.0370 1.0000 1.5185 —2.5185 0.0000 | 0.0000
(5.2) Q¢ =Mc—N¢ = 0.0000 —2.0000 | 0.0000 |—{| —1.0000 —1.0000 | 0.0000
0.0000  0.0000 ‘ —2.0000 —1.0000  0.0000 ‘ —1.0000

obtained by using w = 0.5 in Definition 4.10. Note that

0.5000 0.2500 | 0.3796
TZO% = NeM; ' = | 0.1985 0.5993 | 0.1507
0.1985 0.0993 | 0.6507

. oyet p(TEO) = 1.

Observe that T3°% > 0; hence, Theorem 4.20 applies. Furthermore, from Lemma 4.11 7¢ =
(0.2842 0.2842 | 0.4316). Now, since z¢ = (0.3375 0.3828 | 0.3563), from z, = xcT5°" we have

ze = (03155 0.3491 | 0.4177 ).
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Aggregating LLM 2 gives B = [3],

0
0.4747 0.5253 | 0
Re = (1)) and lec—( ‘ )

0 0 |1.0000

O~

~~

Hence, the states in {(0,0),(1,0),(2,1)} defined by C are mapped onto the aggregated states in
{(0), (1)} defined by B, the HLM matrix in this case. The coarser grid is given by

—0.7208 |  0.7208
1.0000 | —1.0000 /

Qs = PI’CQCRC = (

Note that Qge = 0 as expected. The restricted solution is obtained from zg = x/CRC as
zp = ( 0.6646 | 0.4177 ).

At this point the recursive call ML(Qg, x5, B,1) is made.

Coarsest level: The recursive call ML(QB,xB,B, 1) executes the then part of the if-statement
since only the HLM is left in B, and returns with the result of the call to solve(QB,IJSB), where
x5 = (0.6646 | 0.4177) and zge = 1.0823. Since Qp is (2 x 2), a direct method is employed, x5 is
not used, and

yp = 7n = ( 0.5811 | 0.4189 )

is obtained. An extra condition has to be enforced since Qp is singular and the right-hand side is
zero. This condition is ygze = 1. Note that Definition 4.21 yields the matrix

TV — eyt /(€)= 0.9240 ( 0.5811 | 0.4189 ) 7

05811 | 0.4189

which satisfies y,; = zgTA™Y > 0, o(THF) = {0, 0.9240}, p(TH'L) = 1/zpe = 0.9240, and
o5 = (bs/p(TH™))/ys from Theorem 4.26.

Finer level, going up: Once the call returns with yg = (0.5811 | 0.4189), prolongation is performed
following yc = ?/BPx’c> and we have

ye = (1 0.2758 0.3053 | 0.4189 ).

The recursive call ML(Qe, z¢,C,1) ends by smoothing ye for C = [2,3] with one iteration of the
SOR splitting in (5.2). Since ye = (0.2758 0.3053 | 0.4189), from y, = ycT5°F we have

ylc = ( 0.2817 0.2935 ‘ 0.4233 )
Note that Definition 4.21 yields the ML iteration matrix

0.2940 0.3063 | 0.4418
TME = | 0.2469 0.2572 | 0.3710
0.2469 0.2572 | 0.3710

)

which satisfies y, = zc T, o(TML) = {0, 0.9222}, p(TMF) = 0.9222, and ¢¢ = (be/p(THY)) [y,
from Theorem 4.26.

Finest level, going up: Once the call returns with ye = (0.2817 0.2935 | 0.4233), prolongation is
performed following yp = ycPw/D, and we have

yp = ( 0.1461 0.1485 0.1356 0.1449 | 0.4233 ).

The recursive call ML(Qp, zp, D,1) ends by smoothing yp for D = [1,2,3] with one iteration of
the SOR splitting in (5.1). Since yp = (0.1461 0.1485 0.1356 0.1449 | 0.4233), from 3/, = ypTSOF

we have

yp=( 0.1615 0.1509 0.1189 0.1399 | 0.4326 ).
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Note that Definition 4.21 yields the ML iteration matrix

0.2000 0.1869 0.1473 0.1733 | 0.5359
0.1385 0.1294 0.1019 0.1200 | 0.3709
TML — | 0.1873 0.1750 0.1379 0.1623 | 0.5019
0.1608 0.1502 0.1184 0.1393 | 0.4307
0.1208 0.1128 0.0889 0.1046 | 0.3235

’

which satisfies yp, = epTA Y, o (TYE) = {0, 0.9301}, p(TY ) = 0.9301, and ¢p = (bp/p(TY )y
from Theorem 4.26.
Hence, the improved solution is returned as le and copied to xp. Then xp is normalized to be the
unit 1-norm vector

2 = (01609 0.1503 0.1184 0.1394 | 0.4310 ),

which yields from (1) = —z(MQ the improved residual vector

r) = (1 —0.0562 0.0004 0.0551 0.0100 | —0.0092 ) with [r"|w =0.0562 < [|r'?| o
and from o) = (1) — 7 the improved error vector

o = ( —0.0141 0.0003 0.0184 0.0144 | —0.0190 ) with [[o™ ] =0.0190 < ||0!? .

Note that 7 and o!) are zero sum vectors as expected.

For this problem, the ML solver convergences to a tolerance of STOP_TOL = 10~% in 14 cycles and
the maximum norm of the residual vector r upon convergence is in the order 1079 (i.e., |70 &~ 107). If
convergence had not taken place, the next cycle would start with the improved xp. On the other hand,
When POW ER with a = 0.999 and JOR with w = 0.5 are used as smoothers, the ML solver converges
respectively in 12 and 14 cycles with ||7]|c &~ 1072, In passing we remark that, although it does not satisfy
the assumptions of Theorems 4.20 and 4.26, SOR with w =1 (i.e., GS) as the smoother converges within
one cycle to machine precision for this problem.

5.2. Without smoothings. Now, consider the same cycle without any smoothings. That is, all pa-
rameters are the same except (MIN_IN_PRE, MAX_IN_PRE, MIN_IN_POST, MAX_
IN_POST, MIN_.OUT_PRE, MAX OUT_PRE, MIN_OUT_POST, MAX_OUT_POST) =
(0,0,0,0,0,0,0,0), and therefore 14 + vo = 0. For this case, we observe the following.

o Finest level, going down: We have

0.5000 0 0.5000 0 0
Rp = and P,,=| 0 0.5000 0 0.5000 [ 0 |,
0 0 0 0 |1

implying the coarser grid

3 } —2.5000 1.0000 1.5000
Qc = P, QpRp = 1.0000 —1.0000 | 0.0000
1.0000  0.0000 ‘ —1.0000

and the restricted solution
z¢ = xpRp = ( 0.4000 0.4000 | 0.2000 ).

e Coarser level, going down: We have

= O

1
R and P, = ( 0.5000  0.5000 | 0 )
0

0 0 | 1.0000
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implying the coarser grid

~ ~ —0.7500 0.7500
QB =P, QcRc = ( | >

1.0000 | —1.0000
and the restricted solution
x5 = x¢Re = (1 0.8000 | 0.2000 ).
e Coarsest level: A direct method is employed to give
ys = ( 0.5714 | 0.4286 ).
o Finer level, going up: The call from the coarsest level returns with yg to give
ye = ysPy, = ( 0.2857 0.2857 ‘ 0.4286 ).
o Finest level, going up: The call from the coarser level returns with y¢ to give
yp =ycPrp = (1 0.1429 0.1429 0.1429 0.1429 | 0.4286 ).

For this cycle, the ML iteration matrix at the finest level can be computed to be Tgf L = eyp from
Definition 4.21. Note that the prolongation operator will not change in future cycles, which implies no
improvement, and hence no convergence.

6. Conclusion. In this paper, the convergence of a class of multilevel (ML) methods for large, sparse
Markov chains (MCs) is investigated. The particular class of ML methods are inspired by algebraic multi-
grid and iterative aggregation-disaggregation, and have the capability of using (V, W, F) cycles, (power,
Jacobi over-relaxation—JOR, successive over-relaxation—SOR) methods as smoothers, and (fixed, cyclic,
dynamic) orders in which coarser MCs can be formed by aggregation in a cycle. A detailed convergence
analysis is carried out. The conditions sufficient for convergence are an irreducible MC, a positive initial
approximation from an appropriate subspace, an onto mapping of states from a finer MC to a coarser MC
at each level, a uniformization parameter larger than the minimum magnitude of the diagonal elements for
the power method, a relaxation parameter less than one for JOR and SOR, a sufficient number of pre- and
post-smoothings at each level so as to ensure a smoothing matrix which is positive or has a(n) (almost)
positive row/column, and the accurate solution of the coarsest system at each cycle.

Appendix.

LEMMA A.1. Let v be a probability vector (i.e., v >0 and ve = 1), G be a positive probability matriz
(i.e., G > 0, Ge = e) with state space S, z = vG, and ¥ be the unique, positive fized point of G (i.e.,
¥ >0, vG =) such that e =1. Then z >0, ze = 1, and

=l < (1 ~ min g(z',j>) T
i,JES

where 0 < min; jes g(4,5) < 1/|S].

Proof. The positivity of z follows from z = vG since v > 0 (with v(j) > 0 for at least one j € S) and
G > 0, and its unit 1-norm follows from ze = v(Ge) = ve = 1 since Ge = e and ve = 1. Furthermore from
z = v(@, we have

2(i) =Y _g(G (i) fories.

JjES
Then using ¢ = ¥G, we can write

2(6) = (i) = Y g(j,D)(v(j) — ¥(j)) fori€S.

jES
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Since v > 0 and v > 0 such that ve = e = 1, it is impossible to satisfy v(j) > 1(j) for all j € S unless
v =1. When v = ¢, we also have z = 1, which proves the result trivially. Therefore, we consider the sets

X={jlv()>v(), j€S} suchthat ¥ #Pand X C S
and
Y={j|z2()>v(), €S} suchthat Y #@and Y CS.
}Tl‘hen, S—X={j|v(j) <v(), jeStand S-Y ={j| 2(j) <¥(j), j € S}. Now, for i € S we clearly
2(0) = () = > gD —vE)+ D gl D)) — (),
jex JE(S—X)
which implies
D 9l () = () < 2() — (i) < Y g0, )(v() - $())
JE(S—X) JjEX

due to the definition of X'. Observe that the summations on the left and right respectively evaluate to
negative and positive values.

Since G is positive and has row sums of one, its minimum element is positive and is maximized if one
is equally distributed across all rows. That is [2, p. 268],

0 < min g(¢,5) < 1/|S].
i,jésg(z J) < 1/|S|
First, consider summing both sides of

26) = (i) < Y 90, D) (0() - ¥())

jeX

over i € ) so as to obtain

S0 =) <D0 g6 wG) —vG) <D (Z 9(j, z‘)) (v(j) —¥(j))

ey i€y jEX jex \iey
(1 ~ min g(i g>> S (w) - v)),
] jex

where ) v, 9(j,4) < 1—min; jes g(i, j) follows from 0 < min; jes g(4, ) < g(7, j) by the fact that [V] < [S].
Since each term in the final summations are positive and 1 — min; jes g(4,j) > 0, this can be rewritten as

iGZyIZ(i)—lb(i (1—mlngw)];(|v

due to the definitions of X and Y.
Next, consider summing both sides of

> 90 wG) = () < 2() — (@)
JE(S—X)
over i € (§ —)) so as to obtain

Yoo D 9Dl —vGN < D (=60) —w(i)

ie(S=Y) je(S—-X) i€(S=Y)
> > gl | @) —vG) < Y (2(0) = 9(@)

JE(S—=X) \UE(S-DY) i€(S=Y)

<1 — min g(i, ])) Z (w(y) =) < Z (2(3) — ¥(4)),

i,jES
JE(S—X) 1€(S-Y)
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where Zie(sfy)g(ﬂi) < 1 — min, jes g(4,7) follows in a similar way as before; however, this time each
term in the final summations are negative. Therefore, we can write

> 0 - vl < (1- ming) 3 1) - vl

i€(S=Y) JE(S-X)

due to the definitions of (S — &) and (S — )).
Combining the two inequalities, which involve absolute values, side by side, we obtain

St = w)| < (1= ming(6.9)) 1) - 0l

€S jeS

But, this is equivalent to

[z =9l < (1 — min Q(Z}j)) o=l
i,jES
and the result is proved. O
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