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a b s t r a c t

Westudy the problemof one-dimensional partitioning of nonuniformworkload arrays,with optimal load
balancing for heterogeneous systems.We look at two cases: chain-on-chain partitioning, where the order
of the processors is specified, and chain partitioning,where processor permutation is allowed.Wepresent
polynomial time algorithms to solve the chain-on-chain partitioning problem optimally, while we prove
that the chain partitioning problem is NP-complete. Our empirical studies show that our proposed exact
algorithms produce substantially better results than heuristics, while solution times remain comparable.

© 2008 Elsevier Inc. All rights reserved.

1. Introduction

In many applications of parallel computing, load balancing is
achieved by mapping a possibly multi-dimensional computational
domain down to a one-dimensional (1D) array, and then partition-
ing this array into parts with equal weights. Space filling curves
are commonly used to map the higher dimensional domain to a
1D workload array to preserve locality and minimize communi-
cation overhead after partitioning [5,6,9,15]. Similarly, processors
can be mapped to a 1D array so that communication is relatively
faster between close processors in this processor chain [10]. This
easesmapping for computational domains and improves efficiency
of applications. The load balancing problem for these applications
can be modeled as the chain-on-chain partitioning (CCP) problem,
wherewemap a chain of tasks onto a chain of processors. Formally,
the objective of the CCP problem is to find a sequence of P − 1
separators to divide a chain of N tasks with associated computa-
tionalweights into P consecutive parts tominimizemaximum load
among processors.

In our earlier work [17], we studied the CCP problem
for homogenous systems, where all processors have identical
computational power. We have surveyed the rich literature on
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this problem, proposed novel methods as well as improvements
on existing methods, and studied how these algorithms can
be implemented efficiently to be effective in practice. In this
work, we investigate how these techniques can be generalized
for heterogeneous systems, where processors have varying
computational powers. Two distinct problems arise in partitioning
chains for heterogeneous systems. The first problem is the CCP
problem, where a chain of tasks is to be mapped onto a chain of
processors, i.e., the pth task subchain in a partition is assigned to
the pth processor. The second problem is the chain partitioning
(CP) problem, where a chain of tasks is to be mapped onto a
set, as opposed to a chain, of processors, i.e., processors can be
permuted for subchain assignments. For brevity, the CCP problem
for homogenous systems and heterogeneous systems will be
referred to as the homogenous CCP problem and heterogeneous
CCP problem, respectively. The CP problem refers to the chain
partitioning problem for heterogeneous systems, since it has no
counterpart for homogenous systems.

In this article,we show that the heterogeneous CCPproblemcan
be solved in polynomial time, by enhancing the exact algorithms
proposed for the solution of the homogenous CCP problem [17].
We present how these exact algorithms for homogenous systems
can be enhanced for heterogeneous systems and implemented effi-
ciently for runtime performance. We also present how the heuris-
tics widely used for the solution of homogenous CCP problem can
be adapted for heterogeneous systems. We present the imple-
mentation details and pseudocodes for the exact algorithms and
heuristics for clarity and reproducibility. Our experiments with
workload arrays coming from image-space-parallel volume
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rendering and row-parallel sparse matrix vector multiplication
applications show that our proposed exact algorithms produce
substantially better results than the heuristics, while the solution
times remain comparable. On average, optimal solutions provide
4.9 and 8.7 times better load imbalance than heuristics for 128-
way partitionings of volume rendering and sparse matrix datasets,
respectively. On average, the time it takes to compute an optimal
solution is less than 2.20 times the time it takes to compute an
approximation using heuristics for 128 processors, and thus the
preprocessing times can be easily compensated by the improved
efficiency of the subsequent computation even for a few iterations.

The CP problem on the other hand, is NP-complete as we prove
in this paper. Our proof uses a pseudo-polynomial reduction from
the 3-Partition problem, which is known to be NP-complete in
the strong sense [7]. Our empirical studies showed that processor
ordering has a very limited effect on the solution quality, and an
optimal CCP solution on a random processing ordering serves as
an effective CP heuristic.

The remainder of this paper is organized as follows. Table 1
summarizes important symbols used throughout the paper.
Section 2 introduces the heterogeneous CCP problem. In Section 3,
we summarize the solution methods for homogenous CCP. In
Section 4, we discuss how solution methods for homogenous
systems can be enhanced to solve the heterogeneous CCP problem.
In Section 5, we discuss the CP problem, prove that it is NP-
Complete. We present the results of our empirical studies with
the proposed methods in Section 6, and finally, we conclude with
Section 7.

2. Chain-on-chain (CCP) problem for heterogeneous systems

In the heterogeneous CCP problem, a computational problem,
which is decomposed into a chain T = 〈t1, t2, . . . , tN〉 of
N tasks with associated positive computational weights W =

〈w1, w2, . . . , wN〉 is to be mapped onto a processor chain P =

〈P1, P2, . . . , PP〉 of P processorswith associated execution speeds
E = 〈e1, e2, . . . , eP〉. The execution time of task ti on processor
Pp is wi/ep. For clarity, we note that there are no precedence
constraints among the tasks in the chain.

A task subchain Ti,j = 〈ti, ti+1, . . . , tj〉 is defined as a subset
of contiguous tasks. Note that Ti,j defines an empty task subchain
when i > j. The computational weight of Ti,j is Wi,j =

∑
i≤h≤j wh.

A partitionΠ shouldmap contiguous task subchains to contiguous
processors. Hence, a P-way partition of a task chain with N tasks
onto a processor chainwith P processors is described by a sequence
Π = 〈s0, s1, . . . , sP〉 of P + 1 separator indices, where s0 = 0 ≤

s1 ≤ · · · ≤ sP = N . Here, sp denotes the index of the last task
of the pth part so that processor Pp receives the task subchain
Tsp−1+1,sp with loadWsp−1+1,sp/ep. The cost C(Π) of a partitionΠ is
determined by themaximum processor load among all processors,
i.e.,

C(Π) = max
1≤p≤P

{Wsp−1+1,sp

ep

}
. (1)

This C(Π) value of a partition is called its bottleneck value, and
the processor defining it is called the bottleneck processor. The CCP
problem is to find a partition Πopt that minimizes the bottleneck
value C(Πopt).

Similar to the task subchain, a processor subchain Pq,r =

〈Pq, Pq+1, . . . , Pr〉 is defined as a subset of contiguous processors.
Note that Pq,r defines an empty processor subchain when q > r .
The computational speed of Pq,r is Eq,r =

∑
q≤p≤r ep.

The ideal bottleneck value B∗ is defined as

B∗
=

Wtot

Etot
, (2)
where Etot is the sum of all processor speeds and Wtot is the total
task weight; i.e., Etot = E1,P and Wtot = W1,N . Note that B∗

can only be achieved when all processors are equally loaded, so
it constitutes a lower bound on the achievable bottleneck values,
i.e., B∗

≤ C(Πopt).

3. CCP algorithms for homogenous systems

The homogenous CCP problem can be considered as a special
case of the heterogeneous CCP problem, where the processors are
assumed to have equal speed, i.e., ep = 1 for all p. Here, we review
the CCP algorithms for homogenous systems. A comprehensive
review and presentation of homogenous CCP algorithms are
available in [17].

3.1. Heuristics

Possibly the most commonly used CCP heuristic is recursive
bisection (RB), a greedy algorithm. RB achieves P-way partitioning
through lg P levels of bisection steps. At each level, the workload
array is divided evenly into two. RB finds the optimal bisection at
each level, but the sequence of optimal bisections at each levelmay
lead to a multi-way partition which is far away from an optimal
one. Pınar and Aykanat [17] proved that RB produces partitions
with bottleneck values no greater than B∗

+ wmax(P − 1)/P .
Miguet and Pierson [12] proposed another heuristic that

determines sp by bipartitioning the task chain in proportion to the
length of the respective processor subchains. That is, sp is selected
in such away thatW1,sp/W1,N is as close to the ratio p/P as possible.
Miguet and Pierson [12] prove that the bottleneck value found by
this heuristic has an upper bound of B∗

+ wmax.
These heuristics can be implemented in O(N +P lgN) time. The

O(N) time is due to prefix-sum operation on the tasks array, after
which each separator index can be found by a binary search on the
prefix-summed array.

3.2. Dynamic programming

The overlapping subproblems and the optimal substructure
properties of the CCP problem enable dynamic programming
solutions. The overlapping subproblems are partitioning the first
i tasks onto the first p processors, for all possible i and p values. For
the optimal substructure property, observe that if the last processor
is not the bottleneck processor in an optimal partition, then the
partitioning of the remaining tasks onto the first P − 1 processors
must be optimal. Hence, the recursive definition for the bottleneck
value of an optimal partition is

Bp
i = min

0≤j≤i

{
max

{
Bp−1
j ,Wj+1,i

}}
. (3)

Here,Bp
i denotes the optimal solution value for partitioning the first

i tasks onto the first p processors. In Eq. (3), searching for index j
corresponds to searching for separator sp−1 so that the remaining
subchain Tj+1,i is assigned to the last processor in an optimal
partition. This definition defines a dynamic programming table
of size PN , and computing each entry takes O(N) time, resulting
in an O(N2P)-time algorithm. Choi and Narahari [2], and Manne
and Olstad [11] reduced the complexity of this scheme to O(NP)

and O((N − P)P), respectively. Pınar and Aykanat [17] presented
enhancements to limit the search space of each separator by
exploiting upper and lower bounds on the optimal solution value
for better practical performance.
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Table 1
The summary of important abbreviations and symbols

Notation Explanation

N Number of tasks
T Task chain, i.e., T = 〈t1, t2, . . . , tN 〉

ti ith task in the task chain
Ti,j Task subchain of tasks from ti upto tj , i.e., Ti,j = 〈ti, ti+1, . . . , tj〉
wi Computational load of task ti
wmax Maximum computational load among all tasks
wavg Average computational load of all tasks
wmin Minimum computational load of all tasks
Wi,j Total computational load of task subchain Ti,j
Wtot Total computational load, i.e.,Wtot = W1,N
P Number of processors
P Processor chain, i.e., P = 〈P1, P2, . . . , PP 〉 in the CCP problem

Processor set, i.e., P = {P1, P2, . . . , PP } in the CP problem
Pp pth processor in the processor chain
Pq,r Processor subchain from Pq upto Pr , i.e., Pq,r = 〈Pq, Pq+1, . . . , Pr 〉

ep Execution speed of processor Pp
Eq,r Total execution speed of processor subchain Pq,r
Etot Total execution speed of all processors, i.e., Etot = E1,P
B∗ Ideal bottleneck value, achieved when all processors have load in proportion to their speed
UB Upper bound on the value of an optimal solution
LB Lower bound on the value of an optimal solution
sp Index of the last task assigned to the pth processor
lg x base-2 logarithm of x, i.e., lg x = log2 x
3.3. Parametric search

Parametric search algorithms rely on two components: a
probing operation to determine if a solution exists whose
bottleneck value is no greater than a specified value, and a method
to search the space of candidate values. The probe algorithm can
be computed in only O(P lgN) time by using binary search on the
prefix-summed workload array. Below, we summarize algorithms
to search the space of bottleneck values.

3.3.1. Nicol’s algorithm
Nicol’s algorithm [14] exploits the fact that any candidate

B value is equal to the weight of a task subchain. A naive
solution is to generate all subchain weights, sort them, and
then use binary search to find the minimum value for which
a probe succeeds. Nicol’s algorithm efficiently searches for this
subchain by considering each processor in order as a candidate
bottleneck processor. For each processor Pp, the algorithm does
a binary search for the smallest index that will make Pp the
bottleneck processor. With the O(P lgN) cost of each probing,
Nicol’s algorithm runs in O(N + (P lgN)2) time.

Pınar and Aykanat [17] improved Nicol’s algorithm by utilizing
the following simple facts. If the probe function succeeds (fails) for
some B, then probe function will succeed (fail) for any B′

≥ (≤)B.
Therefore by keeping the smallest B that succeeded and the largest
B that failed, unnecessary probing is eliminated, which drastically
improves runtime performance [17].

3.3.2. Bidding algorithm
The bidding algorithm [16,17] starts with a lower bound and

proceeds by gradually increasing this bound, until a feasible
solution value is reached. The increments are chosen to beminimal
so that the first feasible bottleneck value is optimal. Consider the
partition generated by a failed probe call that loads the first P − 1
processors maximally not to exceed the specified probe value. To
find the next bottleneck value, processors bid with the bottleneck
value that would add one more task to their domain, and the
minimum bid among the processors is chosen to be the next
bottleneck value. The bidding algorithm moves each one of the P
separators forO(N) positions in theworst case,where choosing the
newbottleneck value takesO(lg P) timeusing apriority queue. This
makes the complexity of the algorithm O(NP lg P).
3.3.3. Bisection algorithms
The bisection algorithm starts with a lower and an upper

bound on the solution value and uses binary search in this
interval. If the solution value is known to be an integer, then the
bisection algorithm finds an optimal solution. Otherwise, it is an
ε-approximation algorithm, where ε is the user defined accuracy
for the solution. The bisection algorithm requires O(lg(wmax/ε))
probe calls, with O(N + P lgN lg(wmax/ε)) overall complexity.

Pınar and Aykanat [17] enhanced the bisection algorithm by
updating the lower and upper bounds to realizable bottleneck
values (subchain weights). After a successful probe, the upper
bound can be set to be the bottleneck value of the partition
generated by the probe function, and after a failed probe, the lower
bound can be set to be the smallest value that might succeed,
as in the bidding algorithm. These enhancements transform the
bisection algorithm to an exact algorithm, as opposed to an ε-
approximation algorithm.

4. Proposed CCP algorithms for heterogeneous systems

The algorithms we propose in this section extend the tech-
niques for homogenous CCP to heterogeneous CCP. All algorithms
discussed in this section require an initial prefix-sum operation on
the task-weight arrayW for the efficiency of subsequent subchain-
weight computations. The prefix-sum operation replaces the ith
entry W[i] with the sum of the first i entries (

∑i
h=1 wh) so that

computational weight Wij of a task subchain Tij can be efficiently
determined as W[j] − W[i − 1] in O(1) time. In our discussions,
W is used to refer to the prefix-summed W array, and O(N) cost
of this initial prefix-sum operation is considered in the complexity
analysis. Similarly, Ea,b can be computed in O(1) time on a prefix-
summed processor-speed array. In all algorithms, we focus only on
finding the optimal solution value, since an optimal solution can be
easily constructed, once the optimal solution value is known.

Unless otherwise stated, BINSEARCH represents a binary search
that finds the index to the element that is closest to the target
value. There are variants of BINSEARCH to find the index of the
greatest element not greater than the target value, and we will
state whenever such variants are needed. BINSEARCH takes four
parameters: the array to search, the start and end indices of the
sub-array, and the target value. The range parameters are optional,
and their absence means that the search will be performed on the
whole array.
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Fig. 1. Heterogeneous CCP heuristics.

4.1. Heuristics

We propose a heuristic, RB, based on the recursive bisection
idea. During each bisection, RB performs a two step process. First,
it divides the current processor chain Pp,r into two subchains Pp,q
and Pq+1,r . Then, it divides the current task chain Th,j into two
subchainsTh,i andTi+1,j in proportion to the computational powers
of the respective processor subchains. That is, the task separator
index i is chosen such that the ratio Wh,i/Wi+1,j is as close to the
ratio Ep,q/Eq+1,r as possible. RB achieves optimal bisections at each
level; however, the quality of the overall partitionmay be far away
from that of the optimal solution.

We have investigated two metrics for bisecting the processor
chain: chain length and chain processing power. The chain length
metric divides the current processor chain Pp,r into two equal-
length processor subchains, whereas the chain processing power
metric divides Pp,r into two equal-power subchains. Since the
first metric performed slightly better than the second one in our
experiments, we will only discuss the chain length metric here.
The pseudocode of the RB algorithm is given in Fig. 1, where the
initial invocation takes its parameters as (W, E, 1, P) with s0 = 0
and sP = N . Note that sp−1 and sr are already determined at
higher levels of recursion. Wtot is the total weight of current task
subchain, and Wfirst is the weight for the first processor subchain
in proportion to its processing speed. We need to add W1,sp−1 to
Wfirst to seek sq in the prefix-summed W array.

We also propose a generalization of Miguet and Pierson’s
heuristic, MP [12]. MP computes the separator index of each
processor by considering that processor as a division point for the
whole processor chain. In our version, the load assigned to the
processor chain P1,p is set to be proportional to the computational
power E1,p of this subchain, as shown in Fig. 1.

Both RB and MP can be implemented in O(N + P lgN) time,
where the O(N) time is due to the initial prefix-sum operation on
the task-weight array.

Below, we investigate the theoretical bounds on the quality of
these two heuristics. We assume P is a power of 2 for simplicity.

Lemma 4.1. BRB is upper bounded by B∗
+wmax/emin−wmax/(Pemin).

Proof. We use induction, and the basis is easy to show for P =

2. For the inductive step, assume the hypothesis holds for any
number of processors less than P . Consider the first bisection,
where the processors are split into two subchains, each containing
P/2 processors. Let the total processing power in the left subchain
be Eleft. RB will distribute the workload array between the left and
right processor subchains as evenly as possible. Therewill be a task
ti such that the left processor subchain will weigh more than the
right subchain if ti is assigned to the left subchain, and vice versa.
Without loss of generality, assume that ti is assigned to the left
subchain. In the worst case, ti is the maximum weighted task, and
the total task weight assigned to the left subchain, Wleft, can be
upper bounded by

Wleft ≤
(Wtot + wmax)Eleft

Etot
.

Using the inductive hypothesis, the bottleneck value among the
processors of the left processor subchain can be upper bounded as
follows.

BRB ≤
Wleft

Eleft
+

wmax

emin
−

wmax

eminP/2

≤
Wtot + wmax

Etot
+

wmax

emin
−

wmax

eminP/2

= B∗
+

wmax

Etot
+

wmax

emin
−

wmax

eminP/2

≤ B∗
+

wmax

eminP
+

wmax

emin
−

wmax

eminP/2

= B∗
+

wmax

emin
−

wmax

Pemin
.

The same bound applies to the right processor subchain directly by
the inductive hypothesis, since right processor subchain is already
underloaded. �

Lemma 4.2. BMP is upper bounded by B∗
+ wmax/emin.

Proof. Let the sequence 〈s0, s1, . . . , sP〉 be the partition con-
structed byMP. For a processor Pp, sp is chosen to be the separator
that best divides P1,p and Pp+1,P . Based on our discussion of bipar-
titioning quality in the proof of Lemma 4.1,W1,sp is bounded by

E1,pB∗
−

wmax

2
≤ W1,sp ≤ E1,pB∗

+
wmax

2
.

So, the load of processor p is upper bounded by

W1,sp − W1,sp−1

ep
≤

E1,pB∗
+ wmax/2 − E1,p−1B∗

+ wmax/2
ep

= B∗
+

wmax

ep
≤ B∗

+
wmax

emin
. �

4.2. Dynamic programming

The overlapping subproblems and the optimal substructure
properties of the homogenous CCP can be extended to the
heterogeneous CCP, and thus enabling dynamic programming
solutions. The recursive definition for the bottleneck value of an
optimal partition can be derived as

Bp
i = min

0≤j≤i

{
max

{
Bp−1
j ,

Wj+1,i

ep

}}
(4)

for the heterogeneous case. As in the homogenous case, Bp
i denotes

the optimal solution value for partitioning the first i tasks onto
the first p processors. This definition results in an O(N2P)-time DP
algorithm.

We generalize the observations of Choi and Narahari [2] to
develop an O(NP)-time algorithm for heterogeneous systems as
follows. Their first observation relies on the fact that the optimal
position of the separator for partitioning the first i tasks cannot
be to the left of the optimal position for the first i − 1 tasks, i.e.,
jpi ≥ jpi−1. Their second observation is that we need to advance
a separator index only when the last part is overloaded and can
stop when this is no longer the case, i.e., Bp−1

j ≥ Wj+1,i/ep. Then
an optimal jpi can be chosen to correspond to the minimum of
max{Bp−1

j ,Wj+1,i/ep} andmax{Bp−1
j−1 ,Wj,i/ep}. That is, the recursive

definition becomes:

Bp
i = max

{
Bp−1
jpi

,
Wjpi +1,i

ep

}
,

where jpi = argmin
jpi−1≤j≤i

{
max

{
Bp−1
j ,

Wj+1,i

ep

}}
.
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Fig. 4. Nicol’s algorithms for heterogeneous systems: (a) Nicol’s basic algorithm,
(b) Nicol’s algorithm (NICOL+) with dynamic bottleneck-value bounding.

m, such thatW1,m ≤ w. Similarly, in RL-PROBE, BINSEARCH (W, w)
searches W for the smallest indexm such thatW1,m ≥ w.

DP+, as presented in Fig. 2(b), uses Lemma 4.3 to limit the
search space of sp values.

Lemma 4.3. For a given heterogeneous CCP instance (W,N, E, P),
a feasible bottleneck value UB and a lower bound on the bot-
tleneck value LB; let the sequences Π1

= 〈h1
0, h1

1, . . . , h1
P〉,

Π2
= 〈l20, l21, . . . , l2P〉, Π3

= 〈l30, l31, . . . , l3P〉 and Π4
=

〈h4
0, h4

1, . . . , h4
P〉 be the partitions constructed by LR-PROBE(UB),

RL-PROBE(UB), LR-PROBE(LB) and RL-PROBE(LB), respectively. Then,
an optimal partition Πopt = 〈s0, s1, . . . , sP〉 satisfies SLp ≤ sp ≤ SHp

for all 1 ≤ p ≤ P, where SLp = max{l2p, l
3
p} and SHp = min{h1

p,

h4
p}.
Fig. 2. DP algorithms for heterogeneous systems: (a) basic DP algorithm, and (b) DP algorithm (DP+) with static separator index bounding.
Fig. 3. Greedy PROBE algorithms for heterogeneous systems: (a) left-to-right, and
(b) right-to-left.

It is clear that the search ranges of separators overlap at only one
position, and thus we can compute all Bp

i entries for 1 ≤ i ≤ N in
only one pass over the task subchain. This reduces the complexity
of the algorithm to O(NP). Fig. 2(a) presents this algorithm.

In the homogenous case, Manne and Olstad [11] reduced the
complexity further to O((N − P)P), by observing that there is
no merit in leaving a processor empty, and thus the search for jpi
can start at p instead of 1. However, this does not apply to the
heterogeneous CCP, since itmight be beneficial to leave a processor
empty.

Alternatively, we propose another DP algorithm by extending
the DP+ algorithm (DP algorithm with static separator-index
bounding) of Pınar and Aykanat [17] for the heterogeneous
case. DP+ limits the search space of each separator to avoid
redundant calculation of Bp

i values. DP+ achieves this separator
index bounding by running left-to-right and right-to-left probe
functions with the upper and lower bounds on the optimal
bottleneck value.

We extend the probing operation to the heterogeneous case,
as shown in Fig. 3. In the figure, LR-PROBE and RL-PROBE denote
the left-to-right probe and right-to-left probe, respectively. These
algorithms not only decide whether a candidate value is a feasible
bottleneck value, but they also set the separator index (sp) values
for their greedy approach. In LR-PROBE, BINSEARCH (W, w) refers
to a binary search algorithm that searches W for the largest index




















