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ABSTRACT. Queuing networks are studied at selected points in the steady state, namely, at the moments 
when jobs of a given class arrive into a given node (either from the outside or from other nodes) and at the 
moments when jobs of a given class leave a given node (either for the outside or for other nodes). The 
processes defined by these points are known to be, in general, non-Potsson, interdependent, and serially 
correlated; therefore the relation between the distribution of the system state embedded at those moments 
and the steady-state (or random point) distribution is not obvious a priori. For a large class of networks 
having product-form equihbrium distribnttons it is shown that (a) if the given job class belongs to an open 
subchain, the state distributions at input pomts, output points, and random points are identical, and (b) if 
the job class belongs to a closed subchain, the distribution at input and output points ts the same as the 
steady-state distribution of a network with one less job in that subchain. 
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1. Introduction 

Ever  since the  d iscovery  b y  Jackson  [14] tha t  in some cases the  s teady-s ta te  dis tr i -  
bu t ion  o f  a ne twork  oft  queues  can  be fac to red  in to  a p roduc t  o f  the  m a r g i n a l  
d i s t r ibu t ions  o f  the  s tates  o f  i nd iv idua l  nodes,  there  has  been  some  unce r t a in ty  as to 
the  exact  m e a n i n g  o f  this  result .  I f  a node  has  c pa ra l l e l  exponen t i a l  servers,  to wha t  
ex tent  can  it be  t r ea ted  as an  i so la ted  M / M / c  queue? In  par t icu la r ,  can  the  
d i s t r ibu t ion  o f  the  so journ  t imes at  tha t  node  ( and  no t  j u s t  the m e a n  so journ  t ime)  be 
o b t a i n e d  b y  such a t rea tment?  T h e  answer  to  this  last  ques t ion  d e p e n d s  on  whe the r  
cus tomers  a r r iv ing  into  the  node  see the  s teady-s ta te  d i s t r ibu t ion  o f  the  node  state, 
a n d  that ,  in  turn,  has  p r o m p t e d  severa l  inves t iga t ions  o f  the  p roper t ies  o f  inpu t  
s t reams.  
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Burke [4] has shown, by examining the simplest nontrivial network (a single 
M / M / I  node with Bernoulli feedbacks), that the input process composed of  the 
external arrivals and the fed-back customers is not Poisson in general. Disney and 
McNickle [12] have strengthened this result by showing that the input process is not 
even renewal. On the basis of this and other evidence of the complexity and 
interdependence of the flow processes in a queuing network, these two authors 
expressed a strong doubt about the possibility of decomposing the network and 
treating individual nodes in isolation. 

Yet in the one-node example which Burke considered, it emerged that although 
the input customers do not form a Poisson stream, they still see the steady-state 
distribution of the queue size (where fed-back customers do not include themselves 
in the queue that they see). Input instant and steady-state distributions were shown 
to be closely related also in three finite-state models: an M / M / I  queue with a finite 
customer population, an M / M / I  queue with finite waiting room, and a two-node 
dosed network with a feedback loop around one of the nodes [9, 23]. The first two 
models can be viewed as two-node dosed networks in which the service rate at the 
second node is, respectively, proportional to the number of customers there or 
constant. In all three cases the following result holds: 

p~:(n) -p~:_~(n),  n = O, 1 . . . . .  K - 1, p~(n)  - 1 - p ~ ( g )  

where pk(n) and p~(n )  are the input instant and the equilibrium probabilities of n 
customers at the server, given that there are K customers in the network. 

We demonstrate that these results generalize to a large class of networks, including 
open, closed, and mixed, with many customer classes, where scheduling disciplines 
and service requirement distributions are of certain types. The probability that a 
class-r customer joining node m sees network state S, ~(S), depends on whether the 
network is open or closed with respect to class r. If it is open, then ~(S) is equal to the 
probability that a class-r customer arriving from the outside into node m sees state S 
(which is equal to the steady-state probability of S if the external arrivals are state- 
independent). If it is closed, then ~(S) is equal to the steady-state probability of S in 
a network with one less class-r customer. Similar statements can be made concerning 
the state left behind by a dass-r customer leaving node m. 

These results are of practical as well as theoretical interest. Input-instant and 
output-instant distributions arise in the analyses of some queuing systems, and 
determination of a job's residence time at a service center depends on knowing the 
distribution of system state at job arrival instants. Reiser and Lavenberg developed 
and Bard extended mean-value analysis, which consists of recursive methods of 
calculating mean queue lengths and mean response time [2, 25, 26]. The relationship 
between input-instant and equilibrium distributions is stated (without proof) as the 
intuitive interpretation of one of the fundamental formulas of mean-value analysis. 

Since this paper was submitted for publication, several related papers have 
appeared. Melamed has applied general results on Markov jump processes to queuing 
networks, obtaining characterizations of the network state distribution at arrival and 
departure instants [22]. His results require that the arrival process be independent of 
system state. Lavenberg and Reiser produced a proof of their earlier conjecture 
[20]. Their results apply only to the states of individual service centers at transition 
instants rather than to the state of the whole network. In conjunction with an 
operational derivation of mean-value analysis, Buzen and Denning have provided a 
simple proof of the Reiser-Lavenberg conjecture in the framework of  operational 
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analysis [5]. Like that of  Lavenberg and Reiser, their proof applies only to the states 
of  individual queues rather than to total network state. 

Section 2 contains a statement of the problem in the context of BCMP networks 
[3] with Poisson arrivals and state-independent service rates. The main results are 
derived in Section 3, using concepts and tools from Markov renewal theory. The 
model is then generalized in Section 4 to allow state-dependent arrival and service 
rates, more general routing, lost and triggered arrivals, and absolutely continuous 
service-time distributions. (This last generalization involves a conjecture.) 

2. Definition o f  the Problem 

We are concerned mainly with the class of  separable queuing networks, which are 
generally known in the computing literature as BCMP networks [3, 16, 17, 21]. The 
reader is assumed to be familiar with the concepts and terminology used in [3]. 

Consider a BCMP network with M nodes and K job classes. The path followed by 
a job in the network is governed by a routing matrix P. A job of  class r completing 
service at node i goes to node j as a job of class s with probability Pw,js (i, j = 1, 2, 
. . . .  M; r, s = 1, 2 . . . .  , K); that job leaves the network with probability 

P,r,o = 1 - ~p,rjs.  
J,s 

To simplify notation, we reclassify the jobs, using the pair (i, r) as the new class 
index. Thus, from now on there will be R = K M j o b  classes, and "class r" will specify 
both the current affiliation and the current location of  a job. The elements of  the 
routing matrix become prs (the probability that a class-r job completing service turns 
into a class-s job for r, s = 1, 2, . . . ,  R). 

Two job classes r and s are said to be connected if either pr8 > 0 orp~r > 0. Define 
the relation "communicate" recursively as follows: r and s communicate if either 
they are connected or there exists class r' such that r and r '  are connected and r' and 
s communicate. That relation partitions the set of job classes into one or more 
nonintersecting subsets or "subchains," E~, E2 . . . . .  Eo; two job classes belong to the 
same subchain if and only if they communicate. If, for example, in the original 
notation we had p,r.j~ = 0 for all i, j = 1, 2 . . . . .  M and r # s, there would now be at 
least K subchains. 

Assume for the moment that if  there are external arrivals into the network, these 
form a Poisson stream with rate X (we shall see in Section 4 that this assumption can 
be relaxed to allow certain state-dependent arrival processes). An external arrival 
joins class r with probabilitypo~ (r = 1, 2 . . . . .  R, ~po~ = 1). The flow of  jobs around 
the network is described by D (the number of subchains) systems of linear equations 
by relating the frequencies with which the various classes are entered: 

er=)~po~+ ~ e,psr, r ~ E ~ ,  1= 1,2 . . . . .  D. (1) 
sEEr 

A subchain Et is open if external jobs arrive into it and jobs depart from it (p0r > 0 
for some r ~ El and p~o > 0 for some s E Ez). The system (1) corresponding to an 
open subchain has a unique solution (er}, which can be interpreted as the average 
number of  times a job joins class r during its life in the network (r E El). A subchain 
El is closed if the number of  jobs circulating in it is constant (p0~ = pro = 0 for all 
r ~ Et); the corresponding system (1) has infinitely many solutions (differing from 
one another by multiplicative constants), which can be interpreted as the relative 
frequency of  joining class r. Any job in a closed subchain will eventually join every 
class in that subchain with probability one. 
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The state of  the network at time t is defined as the vector S(t) = (Sl(t), S2(t), 
. . . .  SR(t)), where Sr(t) describes the state of the class-r jobs at time t (r = 1, 2 . . . .  , 
R). (For notational convenience, we shall drop the t.) The definition of  Sr depends 
on the type of the node associated with class r: 

(1) If  that node is of type 1 (FCFS), then all required service times there are 
distributed exponentially with the same mean; Sr is the set of  integers {ha, h z , . . . ,  
hkr) indicating the position of each class-r job in the corresponding FCFS queue (kr 
is the number of class-r jobs in it). 

(2) If  the node type is 2 or 3 (processor-sharing or infinitely many servers), then 
the class-r required service times can have an arbitrary Coxian distribution (see 
[3, 10]) with Qr stages; Sr is the vector (krl, kr2 . . . . .  kror), where krj is the number of 
class-r jobs in stage j of  their service (kr = krt + krz + . . .  + krQ~ is the total number 
of class-r jobs). 

(3) If  the node type is 4 (LCFS preemptive resume), then again the required 
service times can have Coxian distributions; Sr is the set of pairs ((hi, jl), (h2, j2), 
. . . .  (hkr, jhr)} indicating, for each class-r job, its position in the LCFS queue and its 
stage of  service. 

The set of states that the network can be in is determined completely by the 
network configuration C. We define C as the triple (R, P, N}, where R is the set 
{(il, Q1), (i2, Q2) . . . . .  (iR, QR)} indicating, for each job class, the type of node 
associated with it and the number of stages in the corresponding service-time 
distribution; P is the R x R routing matrix; N is a vector of integers (N~, N 2 , . . . ,  
Nj),  where Nj is the number of jobs circulating in thej th  closed subchain; that vector 
is empty if there are no closed subchains. 

Given a configuration C of the network, {S(t) ; t > 0} is an irreducible Markov 
process with a denumerable state space. We assume that the arrival and service 
parameters are such that the process is recurrent nonnull, that is, the limiting 
probabilities 

• rc(S) = lim P(S(t) = S) (2) 
t---~ oo 

exist and are nonzero for all states S of configuration C. 
Let us now examine the changes of  state as jobs join, or leave, job classes. Suppose 

that the network is in state S of configuration C, and that a dass-r job completes 
service. Denote by S-r the state that would result if that job departed from the 
network. Note that if class r is in a closed subchain, S-r is not attainable in 
configuration C; in that case, S-r belongs to a configuration that we denote by C-r 
and which differs from C by having one less job in that subchain. Note further that 
if class r is associated with a type-1 or type-4 node, S-r is defined only for states S 
with a class-r job at the head of the queue. S-r is the state that the completing job 
"leaves behind." It is also the state that the job would "see" if it joined another class. 

More formally, let t~, t~ . . . . .  t~ . . . .  be the consecutive moments when jobs join 
class r; we shall call these moments "class-r input instants." If  the job joining class 
r came from outside the network, the input instant is "external"; otherwise it is 
"internal." Define the random variable S~ as follows: 

[S(t~-~) if t~ is external; 
S~ ~S-r(Cn--) if t in is internal, n = 1, 2, . . . .  (3) 

S~ is the network state seen at the nth class-r input instant. We choose definition (3) 
because we wish to exclude the job joining class r from the state that it sees. Similarly, 
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let tL t~ . . . . .  t,~ . . . .  be the consecutive moments when class-r jobs complete service; 
these are the "class-r output instants." An output instant is external if the completing 
job  departs from the network; otherwise it is internal. Define the random variable 
Sg as 

gS(t,~+) if t~ is external; 
Sg -- [S_,(t,~_) if t°~ is internal, n -- 1, 2 . . . . .  (4) 

S,] is the network state left behind at the nth output instant. 
Clearly, {S~; n = 1, 2 . . . .  } and (So; n = l, 2 . . . .  } are irreducible and recurrent 

Markov chains with the same state space (configuration C if the subchain to which 
' S  class r belongs is open, C-, if it is closed). Let ~r( ) and ~,°(S) be the limiting 

distributions, 

~',(S) = lim P(S~ = S) (5) 
n--~oo  

and 
~,°(S) = lim P(S°, = S). (6) 

n - - ~ o o  

Our aim is to express these stationary distributions of  embedded Markov chains in 
terms of  the stationary distribution (2) of  the original Markov process. 

3. Main Results 

We cannot find the distributions (5) and (6) in the traditional way (by solving systems 
of  linear equations) because we do not have the transition probability matrices of  
Markov chains (3) and (4). We use, instead, the properties of  the continuous 
parameter process {S(t); t > 0}, together with some results from Markov renewal 
theory. Most of  what follows concerns the network state seen at input instants; the 
treatment of  the output instants is very similar. 

The stochastic process {S~, tin; n -- 1, 2, . . . )  is a Markov renewal process (see 
[8]); the joint distribution of  S~+i and (t~+l - t~) depends only on S~ and not on the 
process history prior to tin. Let y~(S, t) be the expected number of  times that 
S~ = S on the interval (0, t) for n -- 1, 2 . . . . .  Denote 

7/',(S) = lim -y~(S, t) (7) 
t~-..oo t 

Since the embedded Markov chain is irreducible, aperiodic, and recurrent, the limits 
(7) exist for all states in the appropriate configuration and are independent of  the 
initial state. The reciprocal 1/~/',(S) is the expected interval between two consecutive 
class-r input instants at which the network is in state S. The desired probabilities (5) 
are proportional to the quantities ~li,(s) ([8, eq. 10.4.5]. Therefore, denoting 

~'~ = ~ , ~ ( s ) ,  
8 

we can write 

,l~(s) 
~ ( s ) =  , i  • (8) 

In other words, the steady-state probability of  seeing state S at a class-r input instant 
is equal to the ratio of  two expectations: the expected number of  class-r input instants 
at which the network is seen in state S per unit time, and the total expected number 
of  class-r input instants per unit time. 
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Next, we express the above expectations in terms of the instantaneous transition 
rates of  the Markov process {S(t); t > 0}. The connection is provided by the fact 
that, if S' and S"  are two states of  configuration C, with a(S', S " )  the instantaneous 
transition rate from S'  to S", and if ~,(S', S", t) is the expected number of  transitions 
from S'  to S"  in the interval (0, t), then 

lim "y(S', S",  t) _ ~rc(S')a(S', S" )  (9) 
t~oo t 

where ~rc(S') is the steady-state probability (2) of state S'. Equation O), which is 
valid for any recurrent Markov process with a denumerable state space, is derived in 
the appendix. 

The expectation y~(S, t), which appears in the right-hand side of  (7), has two 
components: 

(i) The expected number of external input instants at which the network is seen in 
state S. According to (3) these instants correspond to transitions of S(t)  from state S 
to the state S+r resulting from the addition of a new class-r job. The instantaneous 
transition rate is a(S, S+r) = ~pOr (that rate is zero if r belongs to a closed subchain). 

(ii) The expected number of internal input instants at which the network is seen 
in state S. These are the movements when jobs of other classes in the same subchain 
complete service and join class r, seeing state S. The transitions involved are from 
states S', such that S ' r '  = S (for some r '  in the same subchain as r), to state S+r. The 
corresponding instantaneous transition rate is a(S', S+r) = z'r'(S')pr'.r, where pr(S') is 
the service completion rate for class r in state S'. 

The above observations, together with (9) and (7), allow us to write 

where E is the subchain to which class r belongs and a is the set of states S'  such that 
SLr, = S. It is perhaps worth emphasizing again that if  E is closed, then (a) the first 
term in (10) is zero, and (b) the state S that is seen is of  network configuration C-r, 
not C. 

Now we are going to invoke the product form of the solution of  BCMP networks 
(so far, only general properties of  Markov and Markov renewal processes have been 
used) in order to simplify the right-hand side of  (10). In particular, the following 
result holds. 

L~MMA 1. In the notation of eq. (10), if the subchain E is open, then 

qrc (S ' ) l J r ' (S ' )  = Xer ,qrc (S ) ,  r' E E, (11) 
S'~a 

where ~ is the external arrival rate and {er} is the solution of( l ) ,  I f  the subchain E is 
closed, then 

~re(S')pr,(S') = cer,~rc-r,(S), r' E E, (12) 
S'Eo 

where c is a constant independent of  S. 

The proof of Lemma 1 is in the appendix. Intuitively, (11) equates the service 
completion rate for class r '  in states such that state S is left behind with the arrival 
rate for class r '  in state S. This should not be confused with the local balance 
equations, since it ignores the destination of the departing job and the origin of  the 
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arriving job. Equation (11) coincides with the local balance equations only in the 
case of a one-node network without feedback. Equation (12) has a similar character, 
except that the rates involved are in different network configurations. 

Lemma 1 and the flow balance eqs. (1) reduce (10) to 

[~e,~'c(S) i f  E is open, (13) 
~ ( S ) =  [ce,~rc-,(S) if E is closed 

(note that the configurations C-,. and C-,., are identical when r and r' belong to the 
same subchain). 

Now, substituting (13) into (8), we obtain our result. 

THEOREM 1. In nonsaturated B C M P  queuing networks with Poisson external 
arrival streams, 

~ ( S )  = ~rc(S) (14a) 

i f  r belongs to an open subchain, and 

~ ( S )  = ~'c-,(S) (14b) 

if  r belongs to a closed subchain. 

Thus, input jobs in open subchains see the time-average equilibrium distribution 
of the network state, regardless of which class they join or whether they come from 
inside or outside the network. Inputs in closed subchains see the equilibrium 
distribution of  a different network configuration with one less job in the relevant 
subchain. Again that is regardless of which class they leave or which class they join. 

Going back to the original model formulation, with nodes (1, 2 . . . . .  M) and job 
classes (1, 2 . . . . .  K), the network state distribution seen by a class-r job coming into 
node m depends on whether the pair (m, r) belongs to an open or a closed subchain. 
Different jobs coming into the same node may see states of different configurations 
depending on their class. Note also that if (14) is true in terms of a Jetailed network 
state S, it will obviously be true in terms of various aggregated states; in particular, 
it applies to the marginal distribution of an individual node state seen by jobs arriving 
there. The distribution of sojourn times at a node in an open Jackson network can, 
therefore, be found by isolating that node and treating it as an independent M/M/1  
or M / M / c  queue with the appropriate parameters. 

For closed ~ubchains, an expression for ~ (S )  in terms of network configuration C 
can be obtained by substituting (12) into (14b): 

If r' should happen to be associated with a type-I node (with average service time 
l/#r'), then o consists of a single state; denote that state by S*. Bearing in mind that 
according to (13), ce~, = ~-, is the throughput of  class r', we can rewrite (15) as 

Ire(S*) 
~(S)  = ~ (16) 

p F  I , 

where p,, = Cer'/#r" is the utilization of class r'. The right-hand side of (16) is the 
conditional probability of state S*, given that a class r' job is in service. Equation 
(16) is a generalization of the results mentioned in the introduction. 

The derivation of the distribution ~(S)  of the network state left behind at output 
instants proceeds along similar lines. We write (see eq. (8)) 

~ ( s )  
~ ( s )  = no ~ 
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where I/~°(S) is the expected time between two class-r output instants at which state 
S is left behind and ~/o = ~ ~o(s). As for eq. (10), we obtain 

n°~(s) = Z ~(S')~r(S'), 
8"6o 

where o is the set of states S'  such that S'-r = S and ur(S') is the instantaneous service 
completion rate for class r in state S'. Application of Lemma 1 yields 

n~°(S) = n~(S) 

(this last equation follows also directly from the fact that the network is in equilib- 
rium). Therefore, 

THEOREM 2. In nonsaturated BCMP queuing networks with Poisson external 
arrival streams, 

&°(S) = ~rc(S) 

if r belongs to an open subchain, and 

&°(s) = ~rc-r(S) 

if  r belongs to a closed subchain. 

All remarks that were made following Theorem 1, including eq. (16), apply to 
output instants also. 

4. Generalizattons 

We saw that the key to Theorems 1 and 2 was Lemma 1. I f  the model is generalized 
so as to preserve the validity of Lemma 1 (without destroying the Markov properties 
of the continuous parameter process), those theorems, or similar ones, will hold. We 
describe here several such generalizations. 

The external arrival process in BCMP networks may be state-dependent, in a 
restricted way. Let No(S) be the total number of jobs in the open subchains and 
NI(S) be the number of jobs m open subchain El, when the network is in state S. 
The external arrivals may be generated according to either one, but not both, of the 
following two rules. 

(a) By a single nonstationary Poisson process whose instantaneous rate X(No(S)) 
depends on the network state via No(S). As before, a new arrival joins class r with 
p r o b a b i l i t y p o r  (~ff=lpOr = 1). 

(b) By separate nonstationary Poisson processes, one for each open subchain. The 
instantaneous rate of  the lth process, Xl(Nz(S)), depends on the network state via 
Nz(S). A new arrival in the lth stream joins class r with probabilityp0r (~reEtpOr = l 
if Ez is open). 

The proof of Lemma 1 under these assumptions is almost identical to the previous 
proof. The only change is to replace the state-independent arrival rate A with 

At(S) = A(No(S)) 

if the external arrivals are of type (a), and with 

Ar(S) = ~:(N:(S)) 

if arrivals are of type (b) and r belongs to the open subchain E:. 
Equation (13) for open subchains now reads 

n~(S) = Ar(S)e~:c(S),  
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and Theorems 1 and 2 for open subchains become (for closed subchains they are 
unchanged) 

A,(S)~c(S) 
,~.(S) = }~°(S) = ~s,~c Ar (S ' )~rc(S ' ) ] "  (17) 

If we consider the Markov renewal process embedded at consecutive moments of 
external arrivals to (departures from) class r, we easily discover that the network 
state distribution seen (left behind) at those moments is also given by (17). Thus all 
inputs (outputs) in open subchains see (leave behind) the same network state 
distribution as the external arrivals (departures). 

The definition of BCMP networks also includes the possibility of state-dependent 
service rates at either individual nodes or subsets of nodes. The rate of service for 
class-r jobs may depend on the number kr of class-r jobs (except at type-1 nodes), 
and/or on the total number nm of jobs at the node m associated with class r, and/or 
on ~ nm over a certain subset of nodes (but in the last case the same dependency 
applies to all other classes at that node or nodes). These dependencies are reflected 
as factor terms in the product-form solution. It is a tedious but routine task to show 
that Lemma 1 and hence Theorems 1 and 2 continue to hold in their present form. 

The class of networks known to have product form has been expanded recently 
with respect to permissible service disciplines and service requirement distributions. 
The mathematical (but not practical) limitation that service-time distributions must 
have rational Laplace transforms can be relaxed to allow general absolutely contin- 
uous distributions with finite means ]1, 6]. A parameterized family of service 
disciplines which includes the four disciplines listed in the last section as special cases 
[6, 7, 16] can be defined. 

Both Chandy et al. [6] and Kelly [16] view each queue as having "stations." In 
general, customers arrive into, receive service in, and depart from any station in the 
queue. A queuing discipline is defined in terms of  how an arriving customer selects 
a station (possibly forcing other customers to change station) and what proportion of 
the server's attention is devoted to each station in each state of the queue. A queue 
discipline is said to be "station balancing" if it is exponential local balancing and in 
each possible state of the queue the probability that an arriving customer picks a 
particular station is proportional to the share of the server's attention devoted to that 
station. (The disciplines LCFSPR, PS and IS are station balancing, whereas FCFS 
is not.) 

The system state is defined by the class and remaining service time of the customer 
at each station of each queue. Whenever all service disciplines are exponential local 
balancing and, at all nodes, either the discipline is station balancing or the service 
requirements for all classes are distributed exponentially with the same mean, the 
solution for the equilibrium state probability density function has a product form. 

Lemma l holds for these more general networks. However, Theorems 1 and 2 
cannot be claimed directly, because the state space is not denumerable. Nevertheless, 
we conjecture that the theorems continue to hold, interpreting ~(S)  and ~°~(S) as 
probability density functions rather than probabilities. 

The product form of the equilibrium state probabilities is retained in certain cases 
where the routing of jobs is not represented as a simple transition matrix. Kelly [17] 
considers the case in which each job has a specific route that it follows through the 
network. Kobayashi and Reiser [18] allow the transitions among service centers to be 
governed by a Markov process of arbitrary (finite) order. The technique used in both 
cases is to introduce additional "artificial" classes (typically a lot of them) in order 
to retain more information about the past or future of the job. Then, in terms of the 
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enlarged set of classes, all transitions among service centers and nonartifi¢ial classes 
can be represented by a simple transition matrix (or first-order Markov process). 
Moreover, the artificial job classes resulting from one class belong to the same type 
of subchain (open or closed) as the original class. Theorems 1 and 2 apply to the 
detailed states involving the artificial job classes. Eliminating the distinctions between 
the artificial classes--that is, returning to the original ones--corresponds to 

(a) merging the embedded Markov renewal process, and 
(b) aggregating the detailed networks states. 

Both actions preserve the validity of our theorems. We conclude, therefore, that 
Theorems 1 and 2 apply to models with these more general routing patterns. 

The product form of the equilibrium probability distribution is also retained when 
constraints on the populations in various subchains are more genoral than having 
each chain contain either a constant (closed) or an unlimited (open) number of jobs. 
Lam [19] studies "loss" and "trigger" functions for each job class based on the 
number of customers currently in each chain. His work is a generalization of the 
ideas used by Jackson to unify open and closed networks [15], and by Reiser and 
Kobayashi to create "semiclosed" subchains in which the number of customers is 
allowed to vary between minimum and maximum values, but independently of the 
populations in other subchains [24]. 

Lam proves a sufficient condition for the equilibrium state probabilities to retain 
the same product form as for the networks described by Baskett et al. [3]. Let Tr(S) 
be the "trigger" function whose value is 0 if the departure of a job from the same 
subchain as r in state S triggers the arrival of a new job in that subchain and is 1 
otherwise. Similarly, let Lr(S) be the "loss" function whose value is 0 if arrivals in 
the subchain of class r in state S are lost and is 1 otherwise. Then Lam's sufficient 
condition is 

Tr(S') = Lr(S) 

for all r and all S' such that S'-~ = S. 
Thus an arrival is triggered to stop a change in subchain population if and only if 

arrivals that would cause the reverse change are lost. Because systems with loss and 
trigger functions satisfying the above equation have a product-form solution, Lemma 
1 holds for them. However, the expressions for ~/~(S) and ~lr°(S) must be modified to 
include the loss and trigger functions. For example, (10) becomes 

~I~(S)= ~Lr(S)vtc(S)por + ~,eE {S~,, ~rc(S')~,~,(S')[pr,~ + p~o(l - T~,(S'))po~]}. 

When Lr(S) = 1, Tr,(S') = 1 because r and r' are in the same subchain; the above 
equation is then identical to (10). When Lr(S) = Tr'(S') = O, it again reduces to (13) 
after some algebraic manipulation and the use of the identity 

r~E r'EE ] 

Thus if the loss and trigger functions satisfy Lam's sufficient condition, Theorems l 
and 2 remain applicable. 

5. Conclusions 

We have considered queuing networks with multiple customer classes, Markov 
routing chains of arbitrary order, state-dependent arrival and service rates, general 
service-time distributions at service centers with station balancing disciplines, and 
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general constraints on the populations of  the routing chains. The presence of even a 
single feedback loop in such networks causes the input processes at nodes to be non- 
Poisson and, in general, nonrenewal. Yet we have found that these networks with 
product-form equilibrium state distributions have input and output instant distribu- 
tions related simply to the equilibrium distribution of  the same network but with the 
population constraints (if any) on one chain decreased by one customer. Thus, with 
negligible additional computation, existing algorithms for calculating the equilibrium 
state probabilities can also calculate the distribution at instants just before inputs or 
arrivals or just after outputs or departures. 

Among networks with equilibrium distnbutions that do not have product form, 
the simple relationship between input instant and equilibrium distributions seem to 
be retained only in very special cases. The M/Er-2/1 FCFS queue with feedback is 
perhaps the simplest network without product-form equilibrium probabilities. In this 
case the input-instant and the steady-state distributions are not the same because 
fed-back customers never see the second service stage busy, whereas the equilibrium 
utilizations of  the two stages are equal. However, if we consider aggregate states n, 
defined as the number of customers at the service center, then for an M / G / 1  FCFS 
queue with feedback, the distributions of  n at input instants and in equilibrium are 
the same. This can be shown by modifying the approach in [11] so that fed-back 
customers do not see themselves. 

However, in a two-node closed network where the service requirement distribution 
is highly skewed, the distribution o fn  input instants is not the same as the equilibrium 
distribution of n in the same closed network with one less customer. We conjecture 
that Theorems 1 and 2 fail to hold in any stochastic network where a FCFS 
nonexponential node contributes to the input of  another node. 

Appendix 
PROOF OF EQUATION (9). Let {X(t), t > 0) be an arbitrary irreducible and 

recurrent Markov process with a denumerable state space { 1, 2 . . . .  ). Denote by ~r(i) 
the steady-state probability of state i, by a(i, j)  the instantaneous transition rate from 
state i to state j,  and by -r(i, j ,  t) the expected number of  transitions from i to j on the 
interval (0, t), i, j = 1, 2 . . . .  ; t > 0. 

"The probability p(i, j )  that the next transition is to state j given that the last one was 
to state i is 

a(i,j) 
p ( i , j )=  a( i ) '  

where 

a(i) = ~ a(i, j)  
j a r  

is the instantaneous transition rate out of  state i (we assume that a(i) ~ 0 for all i). 
Moreover, given that the last transition was to state i, the time to the next transition 
and the state of the next transition are mutually independent (see [8, Sec. 8.3.3.]). 
Therefore, given that there are k transitions out of  state i on the interval (0, t), the 
expected number of transitions from i to j is p(i, j)k. Hence 

"t(i, j, t) = 3,(i, t)p(i, j), 

where y(i, t) is the expected number of transitions out of  state i in (0, t). That number 
satisfies 

lim Y(i' t-------2 = ~/(i), 
t..-,oo l 
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where 1/~/(i) is the expected time between two returns to state i. On the other hand, 

~1(i) = 7r(i)a(i) 

(see [8, Sec. 10.4.5 and 10.5.22]). Combining the above equations yields 

lim y(i, j ,  t) - -  - Ir(t)a(i, j). [] b--.~ oo t 

PROOF OF LEMMA 1. Baskett et al. [3] have shown that the stationary distribution 
7rc(S) in network configuration C is gwen by (we have reorganized the expression to 
conform with present notation) 

1 ~No(S) M R 
¢rc(S) =~c  m~lI] qm(nm) r=llH [erkrfr(Sr)], ( A I )  

where 

Gc = a normalization constant chosen so that (A1) is a distribution; 

No(S) = the total number of jobs in the open subchains (this power term changes to 
a product term when arrivals are state-dependent); 

n,n = the number of jobs at node m; 

~i, if node m is of type 2, 
qm(i )=  

L1 otherwise; 

I (l/~tr) k" if r is associated with a type = 1 node; 

fr(S,)  = I-lJQ~:l [(ArJ#rj)k':/kr:!] i f r  is associated with a type-2 or -3 node; 

]-[~k:l (Ar:,/l.trj,) if r is associated with a type-4 node; 

where A,: and/~,~ are parameters of the Coxian distribution of class-r servme times, 
the probability of reaching stage j and the rate of completing stage j, respectively (at 
type-I nodes there is only one stage); j, is the stage reached by the ith job in the 
LCFS ordering. 

The network configuration Is reflected in (AI) only through the set of feasible 
states and hence through the normahzation constant Gc. 

It follows from (A 1) that if a state S' differs from the state S by the presence of an 
additional class-r job (at the head of the queue for type-I or type-4 nodes), then, 
depending on the nature of the subchain E to which class r belongs, 

~rc(S')= ~rc(S)Ae, g(r) If E is open, 

7Tc(S:) = :Gc-r~ (A2) \ Gc / qrc-rerg(r) if E is closed, 

where the factor g(r) depends on the type of node m associated with class r and on 
the stage j reached by the extra job: 

g(r) = 

1 
-- if type 1, 
/~r 

A,:/~r: 
if type 3, 

kr: + 1 
Arj 

if  type 4. 
#,j 

(A3) 
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The service completion rate for the extra class-r job is given by 

v,(s ' )  = 

#, if type 1, 
#rjb,j(krj + 1) 

if type 2, 
nm+ 1 

#,jb,~(kr~ + 1) if type 3, 
tt,~b,~ if  type 4, 

where b,~ is the probability that the job exists after stagej. 
Combining (A2) and (A4), and bearing in mind that for all r, 

Q, 
Arjb,~ = 1, 

j11 

we find 

(A4) 

[ )~er ~rc(S) if E is open, 
~rc(S')v,(S')= [cer~rc-,(S) if E ls closed, S'~o 

where c -- G c - , / G c .  This completes  the proof of  Lemma 1. [ ]  
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